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SUBELLIPTIC PSEUDO-DIFFERENTIAL OPERATORS AND
FOURIER INTEGRAL OPERATORS ON COMPACT LIE
GROUPS
DUVA´N CARDONA AND MICHAEL RUZHANSKY
Abstract. In this work we extend the theory of global pseudo-differential op-
erators on compact Lie groups to a subelliptic context. More precisely, given
a compact Lie group G, and the sub-Laplacian L associated to a system of
vector fields X “ tX1, ¨ ¨ ¨ , Xku satisfying the Ho¨rmander condition, we in-
troduce a (subelliptic) pseudo-differential calculus associated to L, based on
the matrix-valued quantisation process developed in [107]. This theory will
be developed as follows. First, we will investigate the singular kernels of this
calculus, estimates of Lp-Lp, H1-L1, L8-BMO type and also the weak (1,1)
boundedness of these subelliptic Ho¨rmander classes. Between the obtained
estimates we prove subelliptic versions of the celebrated sharp Fefferman Lp-
theorem and the Caldero´n-Vaillancourt theorem. The obtained estimates will
be used to establish the boundedness of subelliptic operators on subelliptic
Sobolev and Besov spaces. We will investigate the ellipticity, the construc-
tion of parametrices, the heat traces and the regularisation of traces for the
developed subelliptic calculus. A subelliptic global functional calculus will be
established. This subelliptic functional calculus will be used to prove a subel-
liptic version of the G˚arding inequality, which we also use to study the global
solvability for a class of subelliptic pseudo-differential problems. Finally, by
using both, the matrix-valued symbols and also the notion of matrix-valued
phases we study the L2-boundedness of global Fourier integral operators. The
approach established in characterising our subelliptic Ho¨rmander classes (by
proving that the definition of these classes is independent of certain parame-
ters) also will be applied in order to characterise the global Ho¨rmander classes
on arbitrary graded Lie groups developed in [65].
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1. Introduction and historical remarks
This work is devoted to the development of the pseudo-differential calculus
for subelliptic pseudo-differential operators on arbitrary compact Lie groups and
its applications. For instance, the theory developed here could remains valid
in several compact non-commutative structures with the presence of symmetries
(see [107, Part IV]).
In modern mathematics, the theory of pseudo-differential operators is a pow-
erful branch in the analysis of linear partial differential operators due to its in-
teractions with several areas of mathematics. For instance, from the point of
view of the theory of partial differential equations, pseudo-differential operators
are used e.g. to study the global/local solvability of several partial differential
problems, to understand the mapping properties of certain singular integral op-
erators, to understand the propagation of singularities in distribution theory, and
in the construction of fundamental solutions and parametrices. Also, in the in-
terplay between differential geometry and algebraic topology, pseudo-differential
operators are used to compute some geometric invariants arising in the index
theory. That is the case of analytical expressions for the Euler characteristic,
the Hirzebruch signature and, in a more general context, the Atiyah-Singer index
theorem (see e.g. Atiyah and Singer [6, 7, 8, 9, 10, 11], Kohn and Nirenberg
[83], the fundamental book by Ho¨rmander [80] and references therein). On the
other hand, in the microlocal analysis, the theory of Fourier integral operators
becomes a prominent generalisation of pseudo-differential operators, to study the
spectral function for elliptic operators on vector bundles and in solving hyper-
bolic differential equations (see Duistermaat and Ho¨rmander [56] and Ho¨rmander
[79]).
In this work we develop a subelliptic pseudo-differential calculus on compact Lie
groups and some of its applications, by contributing with the notions and results
of harmonic analysis on compact Lie groups, building up on the monograph [107]
by V. Turunen and the second author, which was devoted to the development
of the general theory of global pseudo-differential operators (with matrix-valued
symbols) on spaces with symmetries. Starting our work, we investigate the action
of the subelliptic calculus on Lp, subelliptic Sobolev, and subelliptic Besov spaces
and in the final part of the paper, we study the L2-boundedness of global Fourier
integral operators. We will follow the notion of global symbol on every compact
Lie group G introduced in [107] which is a non-commutative extension of the
classical Konh-Nirenberg quantisation [83], instead of the notion of a symbol
via localisations (see Ho¨rmander [80]) where the argument of such a symbols is
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defined in points px, ξq of the cotangent bundle over G, T ˚G – G ˆ g˚1. The
pseudo-differential calculus associated to the usual pρ, δq-classes and this global
notion are equivalent for 1´ ρ ď δ ă ρ ď 1, (see [61, 108]) with the global notion
allowing also for the range 0 ď δ ă ρ ď 1{2, where the pseudo-differential calculus
associated with the notion of symbol via localisations is not operable2. So, in
particular, the resultant global calculus for the range 0 ď δ ă ρ ď 1{2, can be
applied to the treatment of inverses of complex vector fields, sub-Laplacians and
a wide variety of pseudo-differential problems (see [107] for a complete description
and also e.g. the references of this work).
From its beginning, the theory of pseudo-differential operators was closely
related to the theory of singular integral operators developed by Mihlin [86],
Caldero´n and Zygmund [22]. However, in the case of Rn, and other manifolds
with symmetries, we can use the Fourier transform (as Kohn and Nirenberg in
[83], and the works of the second author with Turunen, Fischer, and Ma˘ntoiu
[107, 65, 87, 88]) to define pseudo-differential operators by using global symbols.
In the case of compact Lie groups as the theory developed in [107], these global
symbols are matrix-valued with the size of the matrix growing according to the
size of the representation spaces. In the other general cases, for example on graded
Lie groups [65] and on general Lie groups of type I [87, 88], the symbols become
operator-valued and densely defined on the possibly infinitely dimensional repre-
sentation spaces. In the spirit of the theory of singular integrals of Coifman and
Weiss [42], we will follow the criterion given by Coifman and De Guzma´n [41] and
the approach developed by Fefferman [59] to establish the mapping properties for
subelliptic pseudo-differential operators. The classical Cotlar-Stein Lemma will
also applied to obtain the Caldero´n-Vaillancourt theorem and the L2-boundedness
of global Fourier integral operators (see Section 2 for details).
Because the subelliptic pseudo-differential calculus developed here is a parallel
theory to the ones developed in [107] and [65], we will exploit that our operators
have singular kernels in order to study their mapping properties and other spectral
properties arising in the spectral geometry, specifically from the regularisation of
traces. The singularity orders for the kernels of the obtained subelliptic calculus
can be classified in terms of the Hausdorff dimension of a compact Lie group G,
Q ě dimpGq, associated with the Carnot-Carathe´odory distance induced by the
sub-Laplacian under consideration, so that in local coordinates we obtain more
singular kernels that those obtained by the Ho¨rmander calculus by using charts
in the case of compact Lie groups [61, 108].
Let us consider on the compact Lie group G, the positive sub-Laplacian
L “ ´pX21 ` ¨ ¨ ¨ `X2kq,
1Here, g denotes the Lie algebra of G, and we denote by pG its unitary dual. The global
symbols according to the theory developed in [107] are defined on the non-commutative phase
space G ˆ pG, however, the idea of studying pseudo-differential operators on Lie groups as a
generalisation of multipliers of the Fourier transform can be traced back to Taylor [120].
2 Indeed, in this case the pρ, δq-classes on arbitrary C8-manifolds are not stable under
coordinate changes.
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which is considered in such a way that the system of vector fields X “ tXiuki“1
satisfies the Ho¨rmander condition of order κ.3 In this paper we develop a subellip-
tic pseudo-differential calculus associated with L, by defining certain Ho¨rmander
type classes Sm,Lρ,δ pGˆ pGq “ S mκ,Lρκ,δκ pGq, 0 ď ρ, δ ď 1, (stable under compositions
and adjoints). We have opted for using the matrix-valued (global) quantisation
process developed by the second author and V. Turunen in [107, 109]. This
viewpoint has shown to be a versatile tool in the analysis of pseudo-differential
operators for describing their analytic and spectral properties (see e.g. [102, 46,
61, 70, 71, 107, 108, 109, 111, 112]) and in the treatment of some problems for
PDE on compact Lie groups. Our motivation for using the matrix-valued quan-
tisation came from the fact that the global symbols obtained with this procedure
together with a suitable difference structure of the unitary dual pG, of G, char-
acterise the Ho¨rmander classes of pseudo-differential operators defined by charts
[108].
The sub-Laplacian L, associated with a system of vector fields X “ tXiuki“1
satisfying the Ho¨rmander condition, endows G with a natural sub-Riemannian
structure. The sub-bundle H “ spanpXq, of the tangent bundle TG generated
by the system X, provides a natural setting to study subelliptic operators as
L, which is, in fact, hypoelliptic by an application of the theorem of sum of
squares of Ho¨rmander. This kind of sub-Riemannian structures appears in many
areas, to say, describing constrained systems in mechanics, or as limiting clases of
Riemannian geometries (see e.g. Gordina and Laetsch [73] and reference therein).
We also refer the reader to Bramanti [14], where the applications of these kind
of sub-Riemannian manifolds are discussed, as its relation with the Kolmogorov-
Fokker-Plank equation, the B-Neumann problem, the tangencial Cauchy-Riemann
Complex, the Kohn-Laplacian ˝b, and other differential problems.
When we review the criteria obtained in terms of the matrix-valued quantiza-
tion developed in [107, 109], we observe that some of them are given in terms
of the decay of the matrix-valued symbol and its derivatives (or its differences)
which is measured compared to the spectrum of the positive Laplace operator
LG “ ´pX21 ` ¨ ¨ ¨ `X2nq, n “ dimpGq.
Consequently, the symbolic calculus on compact Lie groups developed with the
matrix-valued symbols enjoys good properties when we look at its action on
function spaces associated to the Laplacian. From this view point, if we measure
the decay of global symbols used in the symbolic calculus associated to the matrix-
valued quantisation, with respect to the spectrum of the sub-Laplacian L (instead
of using the spectrum of the Laplacian), we could provide sharp estimates for
subelliptic problems without loss of regularity (see e.g. [70], for the case of the
wave equation associated to sub-Laplacians) on subelliptic function spaces by
exploiting in this case the sub-Riemannian structure of G.
This analysis is organised as follows.
3This means that their iterated commutators of length ď κ span the Lie algebra g of G.
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‚ In Section 2 we will present and we will discuss the main results of this
work, and its contribution in relation with the existent literature for global
operators on compact Lie groups.
‚ In Section 3, we present the preliminaries used throughout this work. For
instance, we will follow the original exposition in [107].
‚ In Section 4 we define and develop the subelliptic pseudo-differential cal-
culus on compact Lie groups, in terms of the matrix-valued quantisation.
By using the Caldero´n-Zygmund estimates of Coifman and de Guzma´n
[41] (see also [112]), we prove Theorem 5.2 and Theorem 5.3 in Section 5.
‚ By using the Littlewood-Paley theory and some estimates for commuta-
tors, Theorems 6.6 and 6.9 will be proved in Section 6. In Section 7 we
study the notion of ellipticity associated with the developed subelliptic
calculus. We provide the construction of subelliptic parametrices and we
also study the heat traces and the regularised traces in the subelliptic
context.
‚ A subelliptic global functional calculus will be developed in Section 8.
‚ Applications of this global functional calculus include the (subelliptic)
G˚arding inequality which will be used to study the global solvability for
suebelliptic evolution problems in Section 9.
‚ Finally, we will study the L2-boundedness of global Fourier integral oper-
ators in Section 10.
2. Outline and main results
2.1. Notation. In order to explain the main results of this work we will present
some preliminaries on the matrix-valued quantisation. Indeed, by following [107,
109], we associate to a continuous linear operator A : C8pGq Ñ C8pGq, the
global symbol σA defined on the phase space Gˆ pG (here pG denotes the unitary
dual of G) by the identity
apx, ξq “ ξpxq˚Aξpxq, rξs P pG.4
Then, the operator A can be written in terms of this global symbol as
Afpxq “
ÿ
rξsP pG
dξTrrξpxqapx, ξq pfpξqs, f P C8pGq, (2.1)
where pf denotes the group Fourier transform of f,
pfpξq :“ ż
G
fpxqξpxq˚dx,
where dx is the (normalised) Haar measure on G. We denote by Ψmρ,δpG, locq,
δ ă ρ, ρ ě 1´ δ, the Ho¨rmander class of order m and of type pρ, δq5. Then (see
4 Strictly speaking from every equivalence class rξs we choose one and only one matrix-valued
representation so that apx, rξsq :“ apx, ξq.
5 i.e. the class of operators which in all local coordinate charts give operators in Ψmρ,δpR
nq.
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[111])
A P Ψmρ,δpG, locq if and only if }∆αξ Bβxapx, ξq}op ď Cα,βxξym´ρ|α|`δ|β|,
for all multi-indices α, β. Here xξy “ p1 ` λrξsq 12 , and tλrξsurξsP pG is the positive
spectrum of the Laplacian LG which can be enumerated by the unitary dual and
t∆αξ : α P Nn0u is the collection of the difference operators introduced in [107] that
provide a difference structure on the unitary dual pG. Furthermore, in [107], the
Ho¨rmander classes Ψmρ,δpGq defined by
A P Ψmρ,δpGq, 0 ď δ, ρ ď 1, if and only if, }∆αξ Bβxapx, ξq}op ď Cα,βxξym´ρ|α|`δ|β|,
(2.2)
admit the complete range 0 ď δ ď 1 and a symbolic calculus for these classes is
possible for 0 ď δ ă ρ ď 1 without the standard restriction ρ ě 1´δ. The symbol
classes
S
m
ρ,δpGˆ pGq :“ tapx, ξq : A “ Oppaq P Ψmρ,δpGqu, (2.3)
are useful tools in the analysis on compact Lie groups, where there appear oper-
ators with symbols in local coordinates belonging to Ho¨rmander classes of type
pρ, δq and satisfying the condition ρ ď 1´δ,6 under which these classes are not in-
variant under coordinate changes, and the classical methods, where one uses local
symbols (see Ho¨rmander [80]), could not be applicable. The subelliptic classes of
pseudo-differential operators will be defined in Section 4. They will be denoted
by
S
m,ℓ,ℓ1,L
ρ,δ pGˆ pGq “ S mκ,ℓ,ℓ1,Lρκ,δκ pGq, 0 ď ρ, δ ď 1,
by indicating that the symbols there have order m, satisfying the ρ-type (subel-
liptic) conditions up to order ℓ P N, and δ-type (subelliptic) conditions up to
order ℓ1. So,
S
m,L
ρ,δ pGˆ pGq :“č
ℓ,ℓ1
S
m,ℓ,ℓ1,L
ρ,δ pGˆ pGq, 0 ď ρ, δ ď 1,
denotes the contracted class of subelliptic smooth symbols of order m. We
also define in Section 4 the class of symbols for subelliptic Fourier multipliers
Sm,ℓ,Lρ p pGq “ S mκ,ℓ,Lρκ pGq, 0 ď ρ ď 1. The corresponding classes of operators
associated with these symbols classes are denoted by
OppSm,ℓ,ℓ1,Lρ,δ pGˆ pGqq, OppSm,ℓ,Lρ p pGqq, 0 ď ρ, δ ď 1, (2.4)
and
OppSm,Lρ,δ pGˆ pGqq :“č
ℓ,ℓ1
OppSm,ℓ,ℓ1,Lρ,δ pGˆ pGqq, 0 ď ρ, δ ď 1. (2.5)
The reason for defining the contracted classes is that with such definition we have,
concerning the orders, Ms :“ p1 ` Lq s2 P OppSs,L1
κ
,0
pG ˆ pGqq for any s P R, (see
Example 4.6 and Remark 4.35 for s ą 0, and Example 4.19 for s ă 0), whereMs
is defined by the functional calculus.
6 e.g. these classes appear with symbols in the class S ´11
2
,0
pGq where we have symbols of
pseudo-differential parametrices of sub-Laplacians, or the parametrix of the heat operator D3´
D21 ´D
2
2 on SUp2q (see [112]).
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We will reserve as usually, the notation
OppS m,ℓ,ℓ1ρ,δ pGˆ pGqq, OppS m,ℓρ p pGqq, 0 ď ρ, δ ď 1, (2.6)
and
Ψmρ,δpGq ” OppS mρ,δpGˆ pGqq :“č
ℓ,ℓ1
OppS m,ℓ,ℓ1ρ,δ pGˆ pGqq, 0 ď ρ, δ ď 1, (2.7)
for the corresponding classes of limited regularity and of smooth symbols. Here, κ
will be defined as the smallest even integer larger than dimpGq{2. It is interesting
to note that in stark contrast to graded Lie groups, the symbol classes here may
depend on the choice of a sub-Laplacian (see Remarks 4.20 and 14.1).
2.2. Main results. In terms of the notations that we fix above, the main results
of this paper are, the symbolic calculus developed in Section 4 and Section 7, the
subelliptic global functional calculus developed in Section 8, and the following
subelliptic boundedness results/lower bounds/applications which we describe as
follows and in the subsequent remarks.
‚ (Subelliptic Marcinkiewicz multiplier Theorem). Every A P OppS 0,κ,L1 p pGqq,
extends to an operator of weak type p1, 1q and is bounded on LppGq for
all 1 ă p ă 8 (see Theorem 5.2). Moreover, if A P OppS´p1´ρq,κ,Lρ pGqq,
0 ď ρ ă 1, then A extends to an operator of weak type p1, 1q and compact
on LppGq for all 1 ă p ă 8, (see Theorem 5.2 for values of κ).7
‚ (Subelliptic Caldero´n-Vaillancourt Theorem). For 0 ď δ ď ρ ď 1{2κ, or
0 ď δ ă ρ ď 1, let us consider a continuous linear operator A : C8pGq Ñ
D 1pGq with symbol σ P S0,Lρ,δ pG ˆ pGq. Then A extends to a bounded
operator from L2pGq to L2pGq. The case ρ “ δ “ 0 can be deduced
from Theorem 10.5.5 of [107]. We observe that a similar L2-theorem for
δ “ ρ “ 0, can be proved for global Fourier integral operators. But, we
will return to this point in detail after presenting the mapping properties
of the subelliptic calculus (see Theorem 10.11).
‚ Let A P OppS´p1´ρq,κ,r
n
p s`1,L
ρ,0 pGqq, 0 ď ρ ď 1. For ρ “ 1, A extends to a
bounded operator on LppGq, and for 0 ď ρ ă 1, A extends to a compact
operator on LppGq, in both cases for all 1 ă p ă 8, (Theorem 5.3).8
‚ (Subelliptic Fefferman Theorem). For any compact Lie group G, let us
denote by Q its Hausdorff dimension associated to the control distance
associated to the sub-Laplacian L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a
system of vector fields satisfying the Ho¨rmander condition of order κ. For
0 ď δ ă ρ ď 1, δ ă 1{κ, let us consider a continuous linear operator
A : C8pGq Ñ D 1pGq with symbol σ P S´m,Lρ,δ pG ˆ pGq. If m “ Qp1´ρq2 ,
then A extends to a bounded operator from L8pGq to BMOLpGq, from
7The main point in this situation is the weak (1,1) estimate because the compactness is
straightforward on L2pGq and by using the interpolation with the weak (1,1) estimate the
compactness on LppGq also follows.
8Again, the main point here is the boundedness estimate because the compactness is straigh-
forward from the argument of interpolation.
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the subelliptic Hardy space H1,LpGq to L1pGq, and bounded on LppGq, for
all 1 ă p ă 8. Moreover, for 1 ă p ă 8, and
m ě mp :“ Qp1´ ρq
ˇˇˇˇ
1
p
´ 1
2
ˇˇˇˇ
, (2.8)
the linear operator A extends to a bounded operator on LppGq. (Theorems
6.6 and 6.9).
‚ (Subelliptic G˚arding inequality). Let apx,Dq : C8pGq Ñ D 1pGq be an
operator with symbol a P Sm,Lρ,δ pG ˆ pGq, 0 ď δ ă ρ ď 1, δ ă 1{κ, and
m ą 0. Let M “ p1 ` Lq 12 be defined by the functional calculus and
let txMpξqurξsP pG be its corresponding global symbol. Let us assume that
apx,Dq is strongly L-elliptic which means that,
Apx, ξq :“ 1
2
papx, ξq ` apx, ξq˚q, px, rξsq P Gˆ pG, a P Sm,Lρ,δ pGˆ pGq,
satisfies
}xMpξqmApx, ξq´1}op ď C0.
Then, there exist C1, C2 ą 0, such that the lower bound
Repapx,Dqu, uq ě C1}u}L2,Lm
2
pGq ´ C2}u}2L2pGq, (2.9)
holds true for every u P C8pGq. Here, H m2 ,LpGq ” L2,Lm
2
pGq, is the subel-
liptc Sobolev space associated to L with regularity order m{2. This subel-
liptic version of the G˚arding inequality will be proved in Theorem 8.7.
‚ We will use G˚arding inequality to study the well posedness for the Cauchy
problem
pPVIq :
#
Bv
Bt
“ Kpt, x,Dqv ` f, v P D 1pp0, T q ˆGq,
vp0q “ u0,
(2.10)
where Kptq “ Kpt, x,Dq is strongly L-elliptic. The simplest case Kptq “
L, corresponds to the heat equation for the sub-Laplacian. In particular
we can take Kptq “ apt, xqLs or Kptq “ apt, xqp1 ` Lq s2 , where apt, xq P
C8pr0, T s ˆ Gq is such that |Repapt, xqq| ě a0 ą 0, and s ą 0. We refer
the reader to Section 9 for details.
Now, we describe some L2-estimates for global Fourier integral operators on com-
pact Lie groups which appear as continuous linear operators of the form
Afpxq :“
ÿ
rξsP pG
Trpeiφpx,ξqσpx, ξq pfpξqq, f P C8pGq, x P G, (2.11)
where φ : G ˆ pG Ñ YrξsP pGCdξˆdξ is the matrix-valued phase function of A.
Global Fourier integral operators (FIOs) appear as useful extensions of pseudo-
differential operators (see Remark 10.3) and arise in solutions of some differential
problems (see e.g. Remark 10.4). We study essentially two kinds of symbol
conditions:
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‚ First, to study the L2-boundedness of global FIO we need to impose rea-
sonable conditions on the symbol σpx, ξq and also on the matrix-valued
phase function φpx, ξq “ diagpφjjpx, ξqq. To do so, if X “ tX1, ¨ ¨ ¨ , Xnu a
basis for the Lie algebra g, and the corresponding gradient ∇X is defined
by
∇Xψpxq “ pX1ψ, ¨ ¨ ¨ , Xnψq P C8pGq ˆ ¨ ¨ ¨ ˆ C8pGq, ψ P C8pGq,
in Theorem 10.11 we show that the conditions
sup
px,rξsqPGˆ pG }X
α
x σpx, ξq}op ă 8, (2.12)
for all |α| ď 5n{2, and
|∇Xφjjpx, ξq ´∇Xφj1j1px, ξ1q| — |λτrξs ´ λτrξ1s|, (2.13)
uniformly in prξs, rξ1sq P pGˆ pG for some 0 ă τ ă 1, imply the existence of
a bounded extension of A (defined in (2.11)) on L2pGq.
‚ For a global Fourier integral operator of the form
Afpxq “
ÿ
rξsP pG
dξTrpξpxqeiΦpξqσpx, ξq pfpξqq, f P C8pGq, (2.14)
where the function Φ : pGÑ YrξsP pGCdξˆdξ , is such that Φpξq “ Φpξq˚ for all
rξs P pG, we will prove in Theorem 10.5 that under the symbol inequalities
sup
px,rξsqPGˆ pG }X
α1
i1
¨ ¨ ¨Xαkik σpx, ξq}op ă 8, 1 ď i1 ď i2 ď ¨ ¨ ¨ ď ik ď k, (2.15)
|α| ď κQ9, if X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields satisfying
the Ho¨rmander condition, the operator A extends to a bounded linear
operator on L2pGq. Moreover, if 1 ă p ă 8 and 0 ă ρ ď 1, in Theorem
10.6 we will prove that under the following conditions:
sup
px,rξsqPGˆ pG }
xMpξqm`ρ|γ|∆γξ peiΦpξqXα1i1 ¨ ¨ ¨Xαkik σpx, ξqq}op ă 8, γ P Nn0 , (2.16)
for all 1 ď i1 ď i2 ď ¨ ¨ ¨ ď ik ď k, and |α| ď κQ,p10, the Fourier integral
operator A extends to a bounded linear operator on LppGq, provided that
m ě mp :“ Qp1´ ρq
ˇˇˇˇ
1
p
´ 1
2
ˇˇˇˇ
. (2.17)
‚ In particular, for ρ “ 1
Q
, Theorem 10.6 implies that under the condition
m ě pQ ´ 1q
ˇˇˇ
1
p
´ 1
2
ˇˇˇ
, the operator A ” FIOpσ, φq : C8pGq Ñ D 1pGq
associated with the symbol σ satisfying the family of inequalities in (2.16),
extends to a bounded operator from LppGq to itself where 1 ă p ă 8.
9 Here, κQ is the smallest even integer larger than Q{2.
10For all 1 ă p ă 8, κQ,p is the smallest even integer larger than Q{p. In particular κQ :“
κQ,2.
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Remark 2.1. Let us explain the properties of the developed subelliptic calculus.
In Definition 4.5 we define the (contracted) subelliptic Ho¨rmander classes for the
sub-Laplacian L, Sm,Lρ,δ pGˆ pGq, 0 ď ρ, δ ď 1, (and the dilated classes in Definition
4.3). These classes are closed under compositions and adjoints, and we prove in
Proposition 4.23, that the operators associated to these classes have Caldero´n-
Zygmund kernels in some sense.
Remark 2.2. The singularity order for the right-convolution kernels of subelliptic
operators can be classified in terms of the Hausdorff dimension Q of the Lie
group G with respect to L. Indeed, if A : C8pGq Ñ D 1pGq is a continuous linear
operator with symbol σ P Sm,Lρ,δ pG ˆ pGq, then the right-convolution kernel of A,
x ÞÑ kx : G Ñ C8pGzteGuq, defined by kx :“ F´1σpx, ¨q, satisfies the following
estimates for |y| ă 1 (see Proposition 4.23):$’’’’’&’’’’’%
|kxpyq| Àm }σ}ℓ,Sm,L
ρ,δ
|y|´Q`mρ , if m ą ´Q
|kxpyq| Àm }σ}ℓ,Sm,L
ρ,δ
| log |y||, if m “ ´Q
|kxpyq| Àm }σ}ℓ,Sm,L
ρ,δ
, if m ă ´Q.
where ℓ P N, independent of σ, is large enough.
Remark 2.3. The condition (2.8) is sharp for connected and simply connected Lie
groups G in the following sense. If we replace the sub-Laplacian by the Laplace
operator on G, LG, we recover Theorem 4.15 of [46] and then (see Remark 3.11)
the critical order mp in (2.8) is the best possible in order to assure the L
ppGq-
boundedness for operators in the class OppS mρ,δpG ˆ pGqq. Indeed, in this case
(2.8) with κ “ 1, and Q “ dimpGq, is a necessary and sufficient condition for
the LppGq-boundedness of A. The condition (2.8) is an analogy of Theorem 1.2
in [34] about the boundedness of Ho¨rmander classes on arbitrary graded groups
which is an extension of the sharp theorem due to C. Fefferman [59].
Remark 2.4. Theorems 6.6 and 6.9 are analogues on compact Lie groups of the
boundedness theorems due to Fefferman [59] and Hirschman [77] for the classical
Ho¨rmander classes on Rn, extensions of the classical Wainger Lp-estimates for
oscillating multipliers on the torus [125] and also extensions of the Lp-estimates
for oscillating central multipliers for the Laplacian on compact connected and
simply connected Lie groups proved in Chen and Fan [40, Theorem 1].
Remark 2.5. Theorem 5.2 and Theorem 5.3 are extensions of the weak (1,1)
boundedness theorem proved by the second author and J. Wirth in [111, 112].
Our main Lp-subelliptic estimates can be used to prove estimates for pseudo-
differential operators on subelliptic Sobolev and subelliptic Besov espaces (see
Corollaries 5.5, 5.6 and 6.10).
Remark 2.6. The condition (2.13) for the L2-boundedness of Fourier integral op-
erators is a non-commutative version of the usual local graph condition for Fourier
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integral operators, necessary for the local L2-boundednes for Fourier integral op-
erators on Rn (see e.g. Eskin [58] and Ho¨rmander [79]). Theorem 10.11 is the
non-commutative extension of Theorem 4.14.2 for Fourier integral operators on
the torus [107] (see Theorem 10.8) and also extends the L2-boundedness Theorem
10.5.5 in [107] for pseudo-differential operators on compact Lie groups.
For the general aspects of the theory of Fourier integral operators we refer the
reader to Ho¨rmander [79] and Duistermaat and Ho¨rmander [56]. The problem
of the boundedness of Fourier integral operators has been treated in Fujiwara
[68], Asada and Fujiwara [3], Miyachi [89], Peral [98], Seeger, Sogge, and Stein
[115], Tao [118], and also the references [104],[37], [38], [113]. Results on the
boundedness of Fourier integral operators on the torus can be found in [107,
Theorem 4.14.2] and [31].
Remark 2.7. We will consider a suitable notion of ellipticity associated to the
sub-Laplacian L which we call L-ellipticity. We found this notion consistent
with the classical notion of ellipticity from the point of view of construction of
parametrices (see Section 7).
Remark 2.8 (Heat traces and regularised traces for subelliptic operators). We will
study the asymptotic behaviour of the heat traces and also of other regularised
traces for L-elliptic pseudo-differential operators. Indeed, we will prove under
reasonable conditions on a operator A P Sm,Lρ,δ pGˆ pGq, 0 ď δ, ρ ď 1, that
TrpAe´tp1`Lq
q
2 q „ t´m`Qq
8ÿ
k“0
akt
k
q ´ b0
q
logptq, tÑ 0`, (2.18)
for m ě ´Q. If m “ ´Q, then ak “ 0 for every k, and for m ą ´Q, b0 “ 0. If
we consider the case of the Laplacian (see Corollary 7.12), and we restrict our
attention to the case pρ, δq “ p1, 0q and m “ ´n, n :“ dimpGq, it is known that
the term b0 in the asymptotic expansion (2.18) agrees with the Wodzicki residue
of A (see e.g. Wodzicki [127] and Lesch [85]) and consequently with the Dixmier
trace of A, which is a consequence of a celebrated theorem due to A. Connes [35].
We will also prove asymptotic expansions of the form (see Theorem 7.14),
TrpAψptEqq “ t´Q`mq
˜
8ÿ
k“0
akt
k
¸
` cQ
q
8ż
0
ψpsq ˆ ds
s
, tÑ 0`, (2.19)
for m ě ´Q, where E is an L-elliptic left-invariant pseudo-differential operator
of order q ą 0, and A P Sm,Lρ,δ pG ˆ pGq, 0 ď δ, ρ ď 1, is a suitable operator in
the subelliptic calculus. Again, if we consider the case of the Laplacian on G, we
replace Q by n, and for pρ, δq “ p1, 0q and m “ ´n, it was proved e.g. in [63],
that in the constant component
cn
q
8ż
0
ψpsq ˆ ds
s
,
the term cn agrees with the Wodzicki residue of A. Other kind of traces on com-
pact manifolds can be found e.g. in the seminal paper of Kontsevich and Vishik
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[84] where the canonical trace was introduced, and other complete references
on the subject as Fedosov, Golse, and Leichtnam [60], Grubb and Schrohe [75],
Scott [114], and Paycha [95]. We refer the reader to [62, 63] for the treatment
of regularised traces (in whose expansions appear the Wodzicki residue and the
canonical trace) using the matrix-valued quantisation. A complete investigation
about the spectral trace of global operators on compact Lie groups can be found
in [47, 48, 49, 50].
The second source of applications came from the functional calculus for subel-
liptic operators developed in Section 8. Indeed, as application of the subelliptic
functional calculus we will deduce a subelliptic version of the G˚arding inequality
and we will study the Dixmier traceability of subelliptic operators.
Remark 2.9. One of main features of the developed subelliptic calculus is that if
we replace the role of the sub-Laplacian by the Laplace operator on the group
G, we recover the known properties for the global Ho¨rmander classes on compact
Lie groups [61, 107, 108] which makes our calculus parallel to others existing in
the literature, where the global symbols are used e.g. to develop the calculus on
graded Lie groups by using Rockland operators [65].
3. Preliminaries: sub-Laplacians and pseudo-differential
operators on compact Lie groups
3.1. Pseudo-differential operators via localisations. In this subsection we
describe the well-known formulation of pseudo-differential operators on compact
manifolds (and so on compact Lie groups) via local symbols (see Ho¨rmander [80]
and e.g. the book of M. Taylor [119]). If U is an open topological subset of
Rn, we say that a : U ˆ Rn Ñ C, belongs to the Ho¨rmander class Smρ,δpU ˆ Rnq,
0 ď ρ, δ ď 1, if for every compact subset K Ă U, the symbol inequalities,
|BβxBαξ apx, ξq| ď Cα,β,Kp1` |ξ|qm´ρ|α|`δ|β|,
hold true uniformly in x P K and ξ P Rn. Then, a continuous linear operator
A : C80 pUq Ñ C8pUq is a pseudo-differential operator of order m, of pρ, δq-type,
if there exists a function a P Smρ,δpU ˆ Rnq, satisfying
Afpxq “
ż
Rn
e2πix¨ξapx, ξqpFRnfqpξqdξ,
for all f P C80 pUq, where
pFRnfqpξq :“
ż
U
e´i2πx¨ξfpxqdx,
is the Euclidean Fourier transform of f at ξ P Rn. The class Smρ,δpU ˆ Rnq on
the phase space U ˆ Rn, is invariant under coordinate changes only if ρ ě 1´ δ,
while a symbolic calculus (closed for products, adjoints, parametrices, etc.) is
only possible for δ ă ρ and ρ ě 1 ´ δ. In the case of a C8-manifold M, a linear
continuous operator A : C80 pMq Ñ C8pMq is a pseudo-differential operator of
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order m, of pρ, δq-type, ρ ě 1 ´ δ, if for every local coordinate patch ω : Mω Ă
M Ñ U Ă Rn, and for every φ, ψ P C80 pUq, the operator
Tu :“ ψpω´1q˚Aω˚pφuq, u P C8pUq, 11
is a pseudo-differential operator with symbol aT P Smρ,δpU ˆ Rnq. In this case we
write that A P Ψmρ,δpM, locq.
3.2. The positive sub-Laplacian and pseudo-differential operators via
global symbols. Let G be a compact Lie group with Lie algebra g. Under the
identification g » TeGG, where eG is the identity element of G, let us consider
a system of C8-vector fields X “ tX1, ¨ ¨ ¨ , Xku P g. For all I “ pi1, ¨ ¨ ¨ , iωq P
t1, 2, ¨ ¨ ¨ , kuω, of length ω ě 2, denote
XI :“ rXi1, rXi2, ¨ ¨ ¨ rXiω´1, Xiω s ¨ ¨ ¨ ss,
and for ω “ 1, I “ piq, XI :“ Xi. Let Vω be the subspace generated by the
set tXI : |I| ď ωu. That X satisfies the Ho¨rmander condition, means that there
exists κ1 P N such that Vκ1 “ g. Certainly, we consider the smallest κ1 with this
property and we denote it by κ which will be later called the step of the system
X. We also say that X satisfies the Ho¨rmander condition of order κ. Note that
the sum of squares
L ” LX :“ ´pX21 ` ¨ ¨ ¨ `X2kq,
is a subelliptic operator which by following the usual nomenclature is called the
subelliptic Laplacian associated with the family X. For short we refer to L as the
sub-Laplacian. In view of the Ho¨rmander theorem on sums of the squares of vector
fields (see Ho¨rmander [78]) it is a hypoelliptic operator (i.e. if Lu P C8pGq with
u P D 1pGq then u P C8pGq, and also locally at all points). For other aspects on
the analysis of the sub-Laplacian we refer the reader to Agrachev et al. [1], Bismut
[18], Domokos et al. [54] as well as to the fundamental book of Montgomery [90].
A central notion in the analysis of the sub-Laplacian is that of the Hausdorff
dimension, in this case, associated to L. Indeed, for all x P G, denote by HωxG the
subspace of the tangent space TxG generated by the Xi’s and all the Lie brackets
rXj1, Xj2s, rXj1, rXj2, Xj3ss, ¨ ¨ ¨ , rXj1, rXj2, rXj3, ¨ ¨ ¨ , Xjωsss,
with ω ď κ. The Ho¨rmander condition can be stated as HκxG “ TxG, x P G. We
have the filtration
H1xG Ă H2xG Ă H3xG Ă ¨ ¨ ¨ Ă Hκ´1x G Ă HκxG “ TxG, x P G.
In our case, the dimension of every HωxG does not depend on x and we write
dimHωG :“ dimHωxG, for any x P G. So, the Hausdorff dimension can be defined
as (see e.g. [76, p. 6]),
Q :“ dimpH1Gq `
κ´1ÿ
i“1
pi` 1qpdimH i`1G´ dimH iGq. (3.1)
Explicit examples of sub-Laplacians in some compact Lie groups are given in
Section 11 for S3 – SUp2q, SUp3q, SOp4q and Spinp4q – SUp2q ˆ SUp2q.
11As usually, ω˚ and pω´1q˚ are the pullbacks induced by the maps ω and ω´1, respectively.
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In this work we are interested in developing a pseudo-differential calculus as-
sociated to the sub-Laplacian L. We will use the quantisation process developed
by the second author and V. Turunen in [107]. We explain it as follows. First, let
us record the notion of the unitary dual of a compact Lie group G, pG. So, let us
assume that ξ is a continuous, unitary and irreducible representation of G, this
means that,
‚ ξ P HompG,UpHξqq, for some finite-dimensional vector space Hξ – Cdξ ,
i.e. ξpxyq “ ξpxqξpyq and for the adjoint of ξpxq, ξpxq˚ “ ξpx´1q, for every
x, y P G.
‚ The map px, vq ÞÑ ξpxqv, from GˆHξ into Hξ is continuous.
‚ For every x P G, and Wξ Ă Hξ, if ξpxqWξ Ă Wξ, then Wξ “ Hξ or
Wξ “ H.
Let ReppGq be the set of unitary, continuous and irreducible representations of
G. The relation,
ξ1 „ ξ2 if and only if, there exists A P EndpHξ1 ,Hξ2q, such that Aξ1pxqA
´1 “ ξ2pxq,
for every x P G, is an equivalence relation and the unitary dual of G, denoted bypG is defined via pG :“ ReppGq{„.
By a suitable changes of basis, we always can assume that every ξ is matrix-valued
and that Hξ “ Cdξ . If a representation ξ is unitary, then
ξpGq :“ tξpxq : x P Gu
is a subgroup (of the group of matrices Cdξˆdξ) which is isomorphic to the original
group G. Thus the homomorphism ξ allows us to represent the compact Lie group
G as a group of matrices. This is the motivation for the term ‘representation’.
Now, let us follow [107, Chapter 10] to introduce the analysis of operators on
the phase space G ˆ pG. Indeed, if A is a continuous linear operator on C8pGq,
there exists a function
a : Gˆ pGÑ YℓPNCℓˆℓ, (3.2)
such that for every equivalence class rξs P pG, apx, ξq :“ apx, rξsq P Cdξˆdξ , (where
dξ is the dimension of the continuous, unitary and irreducible representation
ξ : GÑ UpCdξq) and satisfying
Afpxq “
ÿ
rξsP pG
dξTrrξpxqapx, ξq pfpξqs, f P C8pGq. (3.3)
Here pfpξq ” pFfqpξq :“ ż
G
fpxqξpxq˚dx P Cdξˆdξ , rξs P pG,
is the matrix-valued Fourier transform of f at ξ “ pξijqdξi,j“1. The function a in
(3.2), satisfying (3.3) is unique and satisfies the identity,12
apx, ξq “ ξpxq˚pAξqpxq, Aξ :“ pAξijqdξi,j“1, rξs P pG.
12It is well known that the functions ξij are of C
8-class, that they are eigenfunctions of the
positive Laplace operator LG, and that LGξij “ λrξsξij .
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In general, we refer to the function a as the (global or matrix) symbol of the
operator A.
Remark 3.1. Let us denote by S p pGq :“ F pC8pGqq the Schwartz space on the
unitary dual. Then the Fourier transform on the group F is a bijective map-
ping from C8pGq into S p pGq (see [107, Page 541]), and in terms of the Fourier
transform we have
Afpxq “ F´1rapx, ¨qpFfq spxq,
for every f P C8pGq. In particular, if apx, ξq “ Idξ is the identity matrix in every
representation space, A ” I is the identity operator on C8pGq, and we recover
the Fourier inversion formula
fpxq “
ÿ
rξsP pG
dξTrrξpxq pfpξqs, f P C8pGq.
To classify symbols in the Ho¨rmander classes developed in [107], the notion
of difference operators on the unitary dual, by endowing pG with a difference
structure, is an instrumental tool. By following [112], a difference operator Qξ of
order k, is defined by
Qξ pfpξq “ xqfpξq, rξs P pG, (3.4)
for all f P C8pGq, for some function q vanishing of order k at the identity e “ eG.
We will denote by diffkp pGq the set of all difference operators of order k. For a
fixed smooth function q, the associated difference operator will be denoted by
∆q :“ Qξ. We will choose an admissible collection of difference operators (see e.g.
[46, 112]),
∆αξ :“ ∆α1qp1q ¨ ¨ ¨∆αiqpiq, α “ pαjq1ďjďi,
where
rankt∇qpjqpeq : 1 ď j ď iu “ dimpGq, and ∆qpjq P diff1p pGq.
We say that this admissible collection is strongly admissible if
ič
j“1
tx P G : qpjqpxq “ 0u “ teGu.
Remark 3.2. Difference operators can be defined by using the representation the-
ory on the group G. Indeed, if ξ0 is a fixed irreducible representation, a special
matrix-valued difference operator is given by Dξ0 “ pDξ0,i,jqdξ0i,j“1 “ ξ0p¨q ´ Idξ0 . If
the representation is fixed we omit the index ξ0 so that, from a sequence D1 “
Dξ0,j1,i1 , ¨ ¨ ¨ ,Dn “ Dξ0,jn,in of operators of this type we define Dα “ Dα11 ¨ ¨ ¨Dαnn ,
where α P Nn.
Remark 3.3 (Leibniz rule for difference operators). The difference structure on
the unitary dual pG, induced by the difference operators acting on the momentum
variable rξs P pG, implies the following Leibniz rule
∆qℓpa1a2qpx0, ξq “
ÿ
|γ|,|ε|ďℓď|γ|`|ε|
Cε,γp∆qγa1qpx0, ξqp∆qεa2qpx0, ξq, px0, rξsq P Gˆ pG,
for a1, a2 P C8pG,S 1p pGqq. For details we refer the reader to [107, 108].
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Remark 3.4. Every X P g, can be identified with the differential operator X :
C8pGq Ñ C8pGq defined by
pXxfqpxq :“ d
dt
fpx expptXqq|t“0, x P G.
If A P Ψmρ,δpG, locq, ρ ě 1 ´ δ, the matrix-valued symbol σA of A satisfies (see
[107, 108]),
}Xβx∆qγσApx, ξq}op ď Cα,βxξym´ρ|γ|`δ|β| (3.5)
for all β and γ multi-indices and all px, rξsq P Gˆ pG. Now, if 0 ď δ, ρ ď 1, we say
that σA P S mρ,δpG ˆ pGq, if the global symbol inequalities (3.5) hold true. So, for
σA P S mρ,δpG ˆ pGq we write A P Ψmρ,δpGq ” OppS mρ,δpG ˆ pGqq. As we mentioned
early in the introduction,
OppS mρ,δpGˆ pGqq “ Ψmρ,δpG, locq, 0 ď δ ă ρ ď 1, ρ ě 1´ δ.
3.3. Caldero´n-Zygmund type estimates for multipliers. In order to pro-
vide Lp-estimates for multipliers in the subelliptic context, we will use the tech-
niques developed by the second author and J. Wirth in [112], where a special case
(compatible with the notion of difference operators) of a statement of Coifman
and de Guzma´n ([41], Theorem 2) was established. We record it as follows (see
[112, p. 630]).
Criterion 3.5. Assume that A : L2pGq Ñ L2pGq is a left-invariant operator on
G satisfying
}Aψr}L2pG,ρpxqnp1`εqdxq :“
¨˝ ż
G
|Aψrpxq|2ρpxqnp1`εqdx‚˛
1
2
ď Cr ε2 , (3.6)
for some constants C ą 0 and ε ą 0, uniformly in r. Then A is of weak type p1, 1q
and bounded on LppGq, for all 1 ă p ă 8.
The family tψrurą0 that appears in Criterion (3.5) is defined by ψr “ φr´φr{2,
where the functions in the net tφrurą0, satisfy, among other things, the following
properties (see [41, p. 140]):
‚ ş
G
φrpxqdx “ 1,
‚ ş
G
φ2rpxqdx “ Op1rq,
‚ φr ˚ φs “ φs ˚ φr, r, s ą 0.
The function ρ : x ÞÑ ρpxq, appearing in (3.6), is a suitable pseudo-distance
defined on G. If G is semi-simple (this means that the centre of G, ZpGq is
trivial), it is defined by
ρpxq2 :“ dimpGq ´TrpAdpxqq “
ÿ
ξP∆0
pdξ ´Trpξpxqqq, x P G, (3.7)
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where Ad : G Ñ Upgq, and ∆0 is the system of positive roots. It can be decom-
posed into irreducible representations as,
Ad “ rrankpGqe pGs ‘
˜à
ξP∆0
ξ
¸
,
where e pG is the trivial representation. With the consideration on the centre
ZpGq “ teGu, it can be shown (see Lemma 3.1 of [112]) that
‚ ρ2pxq ě 0 and ρpxq “ 0 if and only if x “ eG.
‚ ∆ρ2 P diff2p pGq.
If G is not semi-simple, we refer the reader to [112, Remark 3.2] for the modifi-
cations in the definition of ρ, in this particular case. For our further analysis, we
will use the following lemma which exploits the properties of the functions ψr,
(see Lemma 3.4 of [112, p. 630]).
Lemma 3.6. Let q P C8pGq be a smooth function vanishing to order ℓ˜ P R, at
eG. Then
}qpxqψr}H´spGq ď Cq,sr ℓ˜`sn ´ 12 ,
for all 0 ď s ď 1` n
2
.
3.4. Lp-multipliers and Lp-boundedness of pseudo-differential operators
on compact Lie groups. We record the Lp-estimates for multipliers on compact
Lie groups through the methods developed by the second author and J. Wirth in
[112] by using Criterion 3.5. We will denote by Σp pGˆGq and Σp pGq the space of
matrix-valued functions,
ΣpG ˆ pGq :“ tσ : Gˆ pGÑ YrξsP pGCdξˆdξu,
Σp pGq :“ tσ : pGÑ YrξsP pGCdξˆdξu.
Theorem 3.7. Let G be a compact Lie group and let κ P 2N be such that κ ą n
2
.
Let a P Σp pGq be a symbol, satisfying
}Dαapξq}op ď Cαxξy´|α|, |α| ď κ.
Then A “ Oppaq is of weak type p1, 1q and bounded on LppGq for all 1 ă p ă 8.
Moreover, if 0 ď ρ ă 1, and a satisfies
}Dαapξq}op ď Cαxξy´ρ|α|, |α| ď κ,
then A extends to a bounded operator from LprpGq into LppGq for all 1 ă p ă 8
and r “ κp1 ´ ρq
ˇˇˇ
1
p
´ 1
2
ˇˇˇ
. Here LprpGq denotes the Sobolev space of order r over
LppGq.
From the proof of Corollary 5.1 of [112], one has the following version of The-
orem 3.7.
Theorem 3.8. Let us assume that G is a compact Lie group of dimension n “ 2d
or n “ 2d ` 1, and that d is odd. Let 0 ă ρ ď 1, and a P Σp pGq be a symbol
satisfying
}Dαapξq}op ď Cαxξy´κp1´ρq´ρ|α|, |α| ď κ :“ d` 1,
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then A “ Oppaq extends to a linear operator of weak type p1, 1q. Moreover, if the
dimension of the group is dimpGq “ 2d or dimpGq “ 2d ` 1, and d is even, the
conclusion on A is the same provided that
}Dαapξq}op ď Cαxξy´κp1´ρq´ρ|α|, |α| ď κ :“ d` 2.
The argument developed in [112] using the Sobolev embedding theorem for
extending the Lp-estimates from multipliers to pseudo-differential operators, al-
lows us to present the following consequence of Theorem 3.8 (see Theorem 5.2 of
[112]).
Theorem 3.9. Let us assume that G is a compact Lie group of dimension n “ 2d
or n “ 2d ` 1, and that d is odd. Let a P ΣpG ˆ pGq be a non-invariant symbol
satisfying
}XβxDαapx, ξq}op ď Cαxξy´|α|, |α| ď κ :“ d` 1, |β| ď
„
n
p

` 1,
then A “ Oppaq extends to a bounded operator on LppGq for all 1 ă p ă 8.
Moreover, if the dimension of the group is dimpGq “ 2d or dimpGq “ 2d` 1, and
d is even, the conclusion on A is the same provided that
}XβxDαapx, ξq}op ď Cαxξy´|α|, |α| ď κ :“ d` 2, |β| ď
„
n
p

` 1.
The following theorem records the action of the Ho¨rmander classes S mρ,δpGˆ pGq
(see (2.3)) on LppGq spaces (see [46]).
Theorem 3.10. Let G be a compact Lie group of dimension n. Let 0 ď δ ă ρ ď 1
and let
0 ď ν ă np1´ ρq
2
,
for 0 ă ρ ă 1 and ν “ 0 for ρ “ 1. Let σ P S ´νρ,δ pG ˆ pGq. Then A ” σpx,Dq
extends to a bounded operator on LppGq provided that
ν ě np1´ ρq
ˇˇˇˇ
1
p
´ 1
2
ˇˇˇˇ
. (3.8)
Remark 3.11 (Sharpness of Theorem 3.10). Let G be a connected, simply con-
nected, compact semi-simple Lie group of dimension n. Theorem 3.10 is sharp
in the following sense. Let Λ be the lattice of the highest weights, ∆0 be the
system of positive roots and δ be the half sum of all positive roots. There exists
a correspondence λ ÞÑ rξλs between Λ and the unitary dual pG. For 0 ă β ă 1,
α ą 0, let us define the oscillating Fourier multiplier,
Tα,β,Ωfpxq “
ÿ
λ`δPΛzt0u
dξλTrrξλpxqσα,βpξλq pfpξλqs,
with symbol
σα,βpξλq :“
ei}λ`δ}
β
Ωp λ`δ
}λ`δ}
q
}λ` δ}α Idξλ ,
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where Ω is a sufficiently smooth function that is symmetric under the dual Weyl
group. Here }α}2 is the quadratic form }α}2 “ xα, αy on g˚ induced from the
Killing form. It was proved by Chen and Fan (see [40, Theorem 1]) that Tα,β,Ω is
bounded on LppGq, 1 ă p ă 8, if and only if,
α ě αp :“ nβ
ˇˇˇˇ
1
2
´ 1
p
ˇˇˇˇ
.
So, for α ă αp :“ nβ
ˇˇˇ
1
2
´ 1
p
ˇˇˇ
, there exists a bounded sequence fn in L
ppGq
such that }Tα,β,Ωfn}LppGq Ñ 8. The main point in this remark is that σα,β P
S
´ν
ρ,0 pG ˆ pGq where ν “ α and ρ “ 1 ´ β. Consequently, Tα,β,Ω is bounded on
LppGq, 1 ă p ă 8, if and only if, ν ě np1 ´ ρq|1
2
´ 1
p
|, which implies that the
condition (3.8) is sharp. The aforementioned Chen and Fan’s estimate is an
extension of the classical estimate due to Wainger [125].
We end this section with the following theorem where the important cases of
symbols with limited regularity are considered (see [46]).
Theorem 3.12. Let 0 ď δ, ρ ď 1, and let κ be the smallest even integer larger
than n{2, n :“ dimpGq. If A : C8pGq Ñ D 1pGq is a continuous operator such
that its matrix symbol σA satisfies
}Xγx∆ασApx, ξq}op ď Cγ,βxξy´ν0´ρ|α|`δ|γ|, rξs P pG, |α| ď κ, |γ| ď rn{ps ` 1,
with
ν0 ě κp1´ ρq
ˇˇˇˇ
1
p
´ 1
2
ˇˇˇˇ
` δ
ˆ„
n
p

` 1
˙
,
then A extends to a bounded operator from LppGq into LppGq for all 1 ă p ă 8.
3.5. The subelliptic spaces H1 and BMO on compact Lie groups. Let G
be a compact Lie group. Let us consider a sub-Laplacian L “ ´pX21 ` ¨ ¨ ¨ `X2kq
on G, where the system of vector fields X “ tXiuki“1 satisfies the Ho¨rmander
condition of step κ. For every point g P G, let us denote Xg “ tXi,guki“1, Hg “
spantXgu. We say that a curve γ : r0, 1s Ñ G is horizontal if
9γptq P Hγptq, for a.e. t P p0, 1q.
The Carnot-Carathe´odory distance associated to the sub-Riemannian structure
induced by X, is defined by
dspg0, g1q :“ inf
γ horizontal
tlpγq :“
1ż
0
| 9γptq|dt : γp0q “ g0, γp1q “ g1u, g0, g1 P G.
We will fix a subelliptic norm on G, | ¨ |, defined by the Carnot-Carathe´odory
distance in the natural way: |g| “ dspg, eGq, where eG is the identity element of
G. As usual, the ball of radius r ą 0, is defined as
Bpx, rq “ ty P G : |y´1x| ă ru.
SUBELLIPTIC GLOBAL OPERATORS 21
Then subelliptic BMO space on G, BMOLpGq, is the space of locally integrable
functions f satisfying
}f}BMOLpGq :“ sup
B
1
|B|
ż
B
|fpxq ´ fB|dx ă 8, where fB :“ 1|B|
ż
B
fpxqdx,
and B ranges over all balls Bpx0, rq, with px0, rq P G ˆ p0,8q. The subelliptic
Hardy space H1,LpGq will be defined via the atomic decomposition. Thus, f P
H1,LpGq if and only if f can be expressed as
f “
8ÿ
j“1
cjaj ,
where tcju8j“1 is a sequence in ℓ1pNq, and every function aj is an atom, i.e., aj is
supported in some ball Bj , (aj satisfies the cancellation property)ż
Bj
ajpxqdx “ 0,
and
}aj}L8pGq ď 1|Bj | .
The norm }f}H1,LpGq is the infimum over all possible series
ř8
j“1 |cj |. Furthermore
BMOLpGq is the dual of H1,LpGq. This can be understood in the following sense:
(a). If φ P BMOLpGq, then
Φ : f ÞÑ
ż
G
fpxqφpxqdx,
admits a bounded extension on H1,LpGq.
(b). Conversely, every continuous linear functional Φ on H1,LpGq arises as in
(a) with a unique element φ P BMOLpGq.
The norm of φ as a linear functional on H1,LpGq is equivalent with the BMOLpGq-
norm. Important properties of the BMOLpGq and the H1,LpGq norms are the
following,
}f}BMOLpGq “ sup
}g}
H1,LpGq
“1
ˇˇˇˇ
ˇˇż
G
fpxqgpxqdx
ˇˇˇˇ
ˇˇ , (3.9)
}g}H1,LpGq “ sup
}f}
BMOLpGq“1
ˇˇˇˇ
ˇˇż
G
fpxqgpxqdx
ˇˇˇˇ
ˇˇ . (3.10)
If we replace L by the Laplacian LG in the definitions above, we will write
BMOpGq and H1pGq, defined by the distance induced by the usual bi-invariant
Riemannian metric on G. The subelliptic Fefferman-Stein interpolation theorem
in this case can be stated as follows (see Carbonaro, Mauceri and Meda [23]).
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Theorem 3.13. Let G be a compact Lie group. Let us consider a sub-Laplacian
L “ ´pX21 ` ¨ ¨ ¨ ` X2kq on G, where the system of vector fields X “ tXiuki“1
satisfies the Ho¨rmander condition of step κ. For every θ P p0, 1q, we have,
‚ If pθ “ 21´θ , then pL2,BMOLqrθspGq “ LpθpGq.
‚ If pθ “ 22´θ , then pH1,L, L2qrθspGq “ LpθpGq.
4. Subelliptic pseudo-differential operators
4.1. Subelliptic symbols on compact Lie groups. In order to establish the
basic properties of the subelliptic symbolic calculus, and as it was pointed out
in [107], we will use as in the Euclidean case, the expansion of smooth functions
in the Taylor series. Although it has been constructed in [107, Section 10.6] for
arbitrary compact Lie groups, and we apply it in further sections, we will explain
this notion in the case of compact connected Lie groups.
Remark 4.1 (Local Taylor series on compact connected Lie groups). If V is an
open and convex subset of Rn, and h P C8pV q, the Taylor polynomial of order
N at y0 P V, is given by
hpyq “ ppy0,Nhqpyq ` pRNhqpy, y0q, ppy0,Nhqpyq :“
ÿ
|α|ďN
py ´ y0qα
α!
Bαh
Byα py0q,
for all y P V, where
pRNhqpy, y0q :“ pN ` 1q
ÿ
|α|“N`1
py ´ y0qα
α!
1ż
0
p1´ tqN B
αh
Byα py0 ` tpy ´ y0qqdt.
Now, let G be a connected compact Lie group with Lie algebra g “ LiepGq, and
of dimension n. The exponential map
exp : gÑ G, (4.1)
is a local diffeomorphism from an open neighbourhood of 0g into an open set
containing the identity eG of G. Moreover, both hypothesis, connectedess and
compactness, assure the completeness of G and hence the exponential map is
surjective according to the Hopf-Rinow Theorem (and the fact that the Riemann-
ian exponential map agrees with the exponential map). So, if f P C8pGq, and
x P G, fpxq “ fpexppXqq for some X P g. By defining the function f˜ :“ f ˝ exp,
and under the identification g » Rn, we can think that f˜ is defined on Rn and
consequently, we have the expansion at 0g „ 0 P Rn,
f˜pXq “ pp0,N f˜qpXq ` pR0,N f˜qpX, 0q, X P g.
Returning to the coordinates of G with the inverse exponential map, we have
fpxq “
ÿ
|α|ďN
xα
α!
Bαpf ˝ expq
Byα p0q
` pN ` 1q
ÿ
|α|“N`1
xα
α!
1ż
0
p1´ tqN B
αpf ˝ expq
Byα pt exp
´1pxqqdt,
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where, for a basis B “ tX1, X2, ¨ ¨ ¨ , Xnu of g we have used the multi-index
notation xα :“ ωpX1qα1 ¨ ¨ ¨ωpXnqαn “ yα11 ¨ ¨ ¨ yαnn , again using the identification
between g and Rn, under the diffeomorphism ω : g Ñ Rn, yi “ ωpXiq, where yi,
1 ď i ď n, are the coordinate functions on Rn. We will use the notation
Bαixi f :“
Bαipf ˝ expq
Byαii
, Bαxf :“
Bαpf ˝ expq
Byα ” B
α1
x1
Bα2x2 ¨ ¨ ¨ Bαnxn f, (4.2)
for the local differential operators appearing in the local Taylor series. However,
in order to introduce our subelliptic classes, we need a suitable Taylor expansion
associated with a suitable system of vector fields. So, we present it in the following
Lemma (see Lemma 7.4 in [61]).
Lemma 4.2 (Global Taylor Series on compact Lie groups). Let G be a com-
pact Lie group of dimension n. Let us consider an strongly admissible admissible
collection of difference operators D “ t∆qpjqu1ďjďn, which means that
rankt∇qpjqpeq : 1 ď j ď nu “ n,
nč
j“1
tx P G : qpjqpxq “ 0u “ teGu.
Then there exists a basisXD “ tX1,D, ¨ ¨ ¨ , Xn,Du of g, such that Xj,Dqpkqp¨´1qpeGq “
δjk. Moreover, by using the multi-index notation BpβqX “ Bβ1Xi,D ¨ ¨ ¨ BβnXn,D , β P Nn0 ,
where
BXi,Dfpxq :“
d
dt
fpx expptXi,Dqq|t“0, f P C8pGq,
and denoting for every f P C8pGq
R
f
x,Npyq :“ fpxyq ´
ÿ
|α|ăN
qα1p1qpy´1q ¨ ¨ ¨ qαnpnqpy´1qBpαqX fpxq,
we have that
|Rfx,Npyq| ď C|y|N max
|α|ďN
}BpαqX f}L8pGq.
The constant C ą 0 is dependent on N, G and D, but not on f P C8pGq. Also,
we have that BpβqX |x1“xRfx1,N “ R
B
pβq
X f
x,N and
|BpβqX |y1“yRfx,Npy1q| ď C|y|N´|β| max
|α|ďN´|β|
}Bpα`βqX f}L8pGq,
provided that |β| ď N.
Now with the notation above and the following one ∆αξ :“ ∆α1qp1q ¨ ¨ ¨∆αnqpnq, we
introduce the subelliptic Ho¨rmander class of symbols of order m P R, in the
pρ, δq-class.
Definition 4.3 (Dilated subelliptic Ho¨rmander classes). Let G be a compact Lie
group and let 0 ď δ, ρ ď κ. Let us consider a sub-Laplacian L “ ´pX21`¨ ¨ ¨`X2kq
on G, where the system of vector fields X “ tXiuki“1 satisfies the Ho¨rmander
condition of step κ. The dilated class S m,Lρ,δ pGq of subelliptic Ho¨rmander order m
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and of type pρ, δq, consists of those functions σ P ΣpGˆ pGq, satisfying the symbol
inequalities
pα,β,ρ,δ,m,leftpaq :“ sup
px,rξsqPGˆ pG }
xMpξq 1κ pρ|α|´δ|β|´mqBpβqX ∆αξ apx, ξq}op ă 8, (4.3)
and
pα,β,ρ,δ,m,rightpaq :“ sup
px,rξsqPGˆ pG }pB
pβq
X ∆
α
ξ apx, ξqqxMpξq 1κ pρ|α|´δ|β|´mq}op ă 8. (4.4)
Here, xM is the matrix-valued symbol of the operator M :“ p1 ` Lq 12 , and for
every rξs P pG,xMpξq 1κ pρ|α|´δ|β|´mq :“ diagrp1` νiipξq2q 12κ pρ|α|´δ|β|´mqs1ďiďdξ ,
where pLpξq “: diagrνiipξq2s1ďiďdξ is the symbol of the sub-Laplacian L at rξs.
Remark 4.4. Note that in contrast with the usual conditions 0 ď ρ, δ ď 1, ap-
pearing in Section 3 for Ho¨rmander classes on manifolds (by using charts), in the
definition of dilated subelliptic Ho¨rmander classes, we allow 0 ď ρ, δ ď κ, in view
of the normalisation factor 1
κ
in (4.3) and (4.4). To establish a calculus with the
usual conditions on ρ and δ we will define the following contracted classes. The
reason for their definition will be clear in Example 4.6.
Definition 4.5 (Contracted subelliptic Ho¨rmander classes). Let G be a compact
Lie group and let 0 ď δ, ρ ď 1. Let us consider a sub-Laplacian L “ ´pX21 `¨ ¨ ¨`
X2kq on G, where the system of vector fields X “ tXiuki“1 satisfies the Ho¨rmander
condition of step κ. A symbol σ belongs to the contracted class Sm,Lρ,δ pG ˆ pGq if
σ P S mκ,Lρκ,δκ pGq. This means that σ satisfies the symbol inequalities
pα,β,ρ,δ,m,leftpσq1 :“ sup
px,rξsqPGˆ pG }
xMpξqpρ|α|´δ|β|´mqBpβqX ∆αξ σpx, ξq}op ă 8, (4.5)
and
pα,β,ρ,δ,m,rightpσq1 :“ sup
px,rξsqPGˆ pG }pB
pβq
X ∆
α
ξ σpx, ξqqxMpξqpρ|α|´δ|β|´mq}op ă 8. (4.6)
By following the usual nomenclature, we define:
OppS m,Lρ,δ pGqq :“ tA : C8pGq Ñ D 1pGq : σA ” pApx, ξq P S m,Lρ,δ pGqu,
with
Af “
ÿ
rξsP pG
dξTrpξp¨q pAp¨, ξq pfpξqq, f P C8pGq.
We also define
OppSm,Lρ,δ pGˆ pGqq :“ OppS mκ,Lρκ,δκ pGqq.
To provide operators in these classes, we show in the following example that
real powers of p1` Lq 12 , have subelliptic symbols.
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Example 4.6 (Positive powers of p1`Lq 12 in subelliptic Ho¨rmander classes). We
will apply the inequality
xξy 1κ À p1` νiipξq2q 12 À xξy, (4.7)
proved in Proposition 3.1 of [71]. Let us observe that for 0 ă s ă 8,
Ms “ p1` Lq s2 P OppS sκ,L1,0 pGqq ” OppSs,L1
κ
,0
pGˆ pGqq. (4.8)
Indeed,13 we can prove (4.8) as follows. For 0 ă s ă 1, ifm “ ms is the subelliptic
Ho¨rmander order of ms, according to (4.3), if we set |α| “ 0, then we have that
sup
rξsPG
}xMpξq 1κ p´msqxMspξq}op “ sup
1ďiďdξ
p1` νiipξq2q 12 p´msκ `sq ă 8,
if and only if ms ě κs. This suggests that perhaps ms “ κs. Indeed, this is the
case. Because, for 0 ă s ă 1,Ms P OppS s1,0pGqq, we have the estimates,
}∆αξ xMspξq}op ď Cαxξys´|α|.
So, in order to deduce thatMs P OppS sκ,L1,0 pGqq, it remains to show that
I’ :“ sup
rξsP pG }
xMpξq 1κ p|α|´sκq∆αξ xMspξq}op ă 8,
and
II’ :“ sup
rξsP pG }p∆
α
ξ
xMspξqqxMpξq 1κ p|α|´sκq}op ă 8,
for all |α| ě 1. However, in this case s ´ |α| ă 1 ´ |α| ď 0, and the estimate
xξys´|α| ď p1` νiipξq2q 12 ps´|α|q, leads to
}∆αξ xMspξq}op}xMpξq 1κ p|α|´sκq}op ď Cα sup
1ďiďdξ
p1` νiipξq2q 12 ps´|α|`
|α|
κ
´sq ď Cα.
This analysis proves that I’, II’ ď Cα. In the general case s ě 1, we also have
Ms P OppS sκ,L1,0 pGqq. This will be proved in Remark 4.35 as a consequence of the
subelliptic symbolic calculus.
For symbols of Fourier multipliers we will use the following notation,
S
m,L
ρ p pGq “ tσ P Σp pGq : σ P S m,Lρ,0 pGqu.
We also define the class of symbols of order m, satisfying the ρ-type conditions
up to order ℓ P N, S m,ℓ,Lρ p pGq, by those symbols satisfying,
sup
rξsP pG }
xMpξq 1κ pρ|α|´mq∆αξ apξq}op ă 8, |α| ď ℓ,
and
sup
rξsP pG }∆
α
ξ apξqxMpξq 1κ pρ|α|´mq}op ă 8, |α| ď ℓ.
13 One of the reasons to introduce contracted classes Sm,Lρ,δ pG ˆ
pGq is that we want Ms to
be an operator of order s. We will use the notation Sm,Lρ,δ pGq just to differentiate the dilated
classes of the (elliptic) Ho¨rmander classesSmρ,δpGˆ
pGq. However, in both cases the matrix-valued
symbols are defined in the phase space Gˆ pG.
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In a similar way, we also define the class of non-invariant symbols with order
m, satisfying the ρ-type conditions up to order ℓ P N, and δ-type conditions up
to order ℓ1, S m,ℓ,ℓ
1,L
ρ,δ pGq, by those symbols satisfying,
sup
rξsP pG }
xMpξq 1κ pρ|α|´δ|β|´mqBpβqX ∆αξ apx, ξq}op ă 8, |α| ď ℓ, |β| ď ℓ1,
and
sup
rξsP pG }B
pβq
X ∆
α
ξ apx, ξqxMpξq 1κ pρ|α|´δ|β|´mq}op ă 8, |α| ď ℓ, |β| ď ℓ1.
Lemma 4.7. Let G be a compact Lie group and let 0 ď δ, ρ ď κ. If a P S m,Lρ,δ pGq
then for every α, β P Nn0 , there exists Cα,β ą 0 satisfying the estimates
}BpβqX ∆αξ apx, ξq}op ď Cα,β sup
1ďiďdξ
p1` νiipξqq
m´ρ|α|`δ|β|
κ ,
uniformly in px, rξsq P Gˆ pG.
Proof. Let us assume that a P S m,Lρ,δ pGq. Then for every α, β P Nn0 , we have
}xMpξq 1κ pρ|α|´δ|β|´mqBpβqX ∆αξ apx, ξq}op ď Cα,β ă 8.
On the other hand, let us estimate
}BpβqX ∆αξ apx, ξq}op “ }xMpξq´ 1κ pρ|α|´δ|β|´mqxMpξq 1κ pρ|α|´δ|β|´mqBpβqX ∆αξ apx, ξq}op
ď }xMpξq´ 1κ pρ|α|´δ|β|´mq}op}xMpξq 1κ pρ|α|´δ|β|´mqBpβqX ∆αξ apx, ξq}op
ď Cα,β}xMpξq´ 1κ pρ|α|´δ|β|´mq}op.
Finally, there exists i P t1, 2, ¨ ¨ ¨ , dξu depending on rξs, such that
}xMpξq´ 1κ pρ|α|´δ|β|´mq}op “ p1` νiipξq2qm´ρ|α|`δ|β|2κ ď sup
1ďiďdξ
p1` νiipξq2q
m´ρ|α|`δ|β|
2κ
— sup
1ďiďdξ
p1` νiipξqq
m´ρ|α|`δ|β|
κ .
The proof is complete. 
The following Lemma is straightforward.
Lemma 4.8. Let G be a compact Lie group and 0 ď δ, ρ ď 1. Let us consider
a sub-Laplacian L “ ´pX21 ` ¨ ¨ ¨ ` X2kq on G, where the system of vector fields
X “ tXiuki“1 satisfies the Ho¨rmander condition of step κ. Let us consider σ P
S
m,L
ρ,δ pGˆ pGq and let kx be its associated right-convolution kernel. Then,
(1) if ∆q P diffℓp pGq, then the right convolution kernel associated with the
symbol BpβqX ∆qσpx, ξq P Sm´ρℓ`δ|β|,Lρ,δ pGˆ pGq is given by qp¨qBpβqX kx.
(2) If 0 ď δ ď δ1 ď 1 and 0 ď ρ ď ρ1 ď 1, then
S
m,L
ρ1,δ pGˆ pGq Ă Sm,Lρ,δ pGˆ pGq Ă Sm,Lρ,δ1 pGˆ pGq,
with continuous inclusions. In particular,
S
m,L
1,0 pGˆ pGq Ă Sm,Lρ,δ pGˆ pGq Ă Sm,L0,1 pGˆ pGq.
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In the following proposition we compare some subelliptic classes with (elliptic)
classes on compact Lie groups (we will use (2.4) and (2.6) for the corresponding
classes of matrix symbols of limited regularity).
Proposition 4.9. Let G be a compact Lie group and 0 ď δ, ρ ď 1. Let us consider
a sub-Laplacian L “ ´pX21 ` ¨ ¨ ¨ ` X2kq on G, where the system of vector fields
X “ tXiuki“1 satisfies the Ho¨rmander condition of step κ. Let us assume that
ν ě 0. Then, for every ℓ P N and all 0 ď ρ ď 1, we have
S
´νκ,ℓ,L
ρκ,0 pGq Ă S ´
ν
κ
,ℓ
ρ
κ
,0
pGˆ pGq, S ´ν,ℓρ,0 pGˆ pGq Ă S ´νκ,ℓ,Lρκ,0 pGq
with continuous inclusions.
Proof. Because we are considering symbols with δ “ 0, it is sufficient to prove
Proposition 4.9 for classes of invariant symbols. Let us assume that a P S ´ν,ℓ,Lρ p pGq
where 0 ď ρ ď κ. Then we have
sup
rξsP pG }∆
α
ξ apξqxMpξq 1κ pρ|α|`νq}op, sup
rξsP pG }
xMpξq 1κ pρ|α|`νq∆αξ apξq}op ă 8, |α| ď ℓ.
Now, let us note that
}∆αξ apξq}op “ }xMpξq´ 1κ pρ|α|`νqxMpξq 1κ pρ|α|`νq∆αξ apξq}op
ď }xMpξq´ 1κ pρ|α|`νq}op}xMpξq 1κ pρ|α|`νq∆αξ apξq}op
“ sup
1ďiďdξ
p1` νiipξq2q´ 12κ pρ|α|`νq}xMpξq 1κ pρ|α|`νq∆αξ apξq}op
ď xξy´ 1κ2 pρ|α|`νq sup
rξsP pG }
xMpξq 1κ pρ|α|`νq∆αξ apξq}op,
where in the last line we have used (4.7). So, we have proved that
S
´ν,ℓ,L
ρ p pGq Ă S ´ νκ2 ,ℓρ
κ2
p pGq, 0 ď ρ ď κ. (4.9)
So, if we replace ρ in (4.9) by ρκ, where 0 ď ρ ď 1, we obtain the inclusion,
S
´νκ,ℓ,L
ρκ p pGq Ă S ´ νκ ,ℓρ
κ
p pGq, 0 ď ρ ď 1.
The inclusion S ´ν,ℓρ p pGq Ă S ´νκ,ℓ,Lρκ p pGq for 0 ď ρ ď 1, can be proved in an
analogous way. Indeed, if a P S ´ν,ℓρ p pGq, we have
}xMpξq 1κ pκρ|α|`κνq∆αξ apξq}op “ }xMpξq 1κ pκρ|α|`κνqxξy´ρ|α|´νxξyρ|α|`ν∆αξ apξq}op
ď }xMpξq 1κ pκρ|α|`κνqxξy´ρ|α|´ν}op}xξyρ|α|`ν∆αξ apξq}op.
Because a P S ´ν,ℓρ p pGq,
sup
rξsP pG }xξy
ρ|α|`ν∆αξ apξq}op ă 8, |α| ď ℓ.
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So, we only need to check that }xMpξq 1κ pκρ|α|`κνqxξy´ρ|α|´ν}op is uniformly bounded
in rξs P pG. For this, we can estimate
}xMpξq 1κ pκρ|α|`κνqxξy´ρ|α|´ν}op “ sup
1ďiďdξ
p1` νiipξq2q 12 pρ|α|`νqxξy´ρ|α|´ν ď 1,
because p1 ` νiipξq2q 12 pρ|α|`νq À xξyρ|α|`ν in view of (4.7). So, we finish the proof.

Corollary 4.10. Let us assume that ν ě 0. Then, for every ℓ P N and all
0 ď ρ ď 1, we have
S
´ν,ℓ,L
ρ,0 pGˆ pGq Ă S ´ νκ ,ℓρ
κ
,0
pGˆ pGq, S ´ν,ℓρ,0 pGˆ pGq Ă S´ν,ℓ,Lρ,0 pGˆ pGq
with continuous inclusions.
Now, we will prove some useful identities in order to characterise the subelliptic
Ho¨rmander classes, by showing that (4.3) and (4.4) are equivalent in some sense.
To do so, we will use the following version of the Corach-Porta-Recht inequality
(see Corach, Porta, and Recht [36] and Seddik [116, Theorem 2.3] for (4.10) and
Andruchow, Corach, and Stojanoff [2, page 297] for (4.11)).
Proposition 4.11. Let H be a complex Hilbert space and let A, P,Q,X P BpHq
be bounded operators on H. Let us assume that P and Q are positive and invertible
operators with PQ “ QP, and that A is self-adjoint. Then we have the norm
inequalities
2}X}op ď maxt}PXP´1 `Q´1XQ}op, }PX˚P´1 `Q´1X˚Q}opu, (4.10)
and
}X}op ď }AXA` p1` A2q 12Xp1` A2q 12 }op. (4.11)
Remark 4.12. It was proved also in Andruchow, Corach, and Stojanoff [2, page
302] that the inequalities (4.10) and (4.11) are equivalent and 2 is the best con-
stant in (4.10) if P “ Q.
So, we are ready to prove the following characterization of dilated subelliptic
Ho¨rmander classes.
Theorem 4.13. Let G be a compact Lie group and let 0 ď δ, ρ ď κ. The following
conditions are equivalent.
A. For every α, β P Nn0 ,
pα,β,ρ,δ,m,leftpaq :“ sup
px,rξsqPGˆ pG }
xMpξq 1κ pρ|α|´δ|β|´mqBpβqX ∆αξ apx, ξq}op ă 8. (4.12)
B. For every α, β P Nn0 ,
pα,β,ρ,δ,m,rightpaq :“ sup
px,rξsqPGˆ pG }pB
pβq
X ∆
α
ξ apx, ξqqxMpξq 1κ pρ|α|´δ|β|´mq}op ă 8. (4.13)
C. For all r P R, α, β P Nn0 ,
pα,β,ρ,δ,m,rpaq :“ sup
px,rξsqPGˆ pG }
xMpξq 1κ pρ|α|´δ|β|´m´rqBpβqX ∆αξ apx, ξqxMpξq rκ }op ă 8.
(4.14)
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D. There exists r0 P R, such that for every α, β P Nn0 ,
pα,β,ρ,δ,m,r0paq :“ sup
px,rξsqPGˆ pG }
xMpξq 1κ pρ|α|´δ|β|´m´r0qBpβqX ∆αξ apx, ξqxMpξq r0κ }op ă 8.
(4.15)
E. a P S m,Lρ,δ pGq.
Proof. We only need to prove that D ùñ C. Let us assume that (4.15) holds
true for some r0 P R and let r P R be a real number. Let us assume first that
r ą r0. Let us note that the operator Apx, ξq :“ xMpξq 1κ pr0´rq is self-adjoint. Let
us denote
Xα,β,r0px, ξq “ xMpξq 1κ pρ|α|´δ|β|´m´r0qBpβqX ∆αξ apx, ξqxMpξq r0κ .
From the Corach-Porta-Recht inequality (4.11), we have
}xMpξq 1κ pρ|α|´δ|β|´m´rqBpβqX ∆αξ apx, ξqxMpξq rκ }op
“ }xMpξq 1κ pr0´rqxMpξq 1κ pρ|α|´δ|β|´m´r0qBpβqX ∆αξ apx, ξqxMpξq r0κ xMpξq 1κ pr´r0q}op
“ }xMpξq 1κ pr0´rqXα,β,r0px, ξqxMpξq 1κ pr´r0q}op
ď }Apx, ξqxMpξq 1κ pr0´rqXα,β,r0px, ξqxMpξq 1κ pr´r0qApx, ξq
` p1` Apx, ξq2q 12 xMpξq 1κ pr0´rqXα,β,r0px, ξqxMpξq 1κ pr´r0qp1` Apx, ξq2q 12 }op
“ }xMpξq 2κ pr0´rqXα,β,r0px, ξq
` p1` xMpξq 2κ pr0´rqq 12 xMpξq 1κ pr0´rqXα,β,r0px, ξqxMpξq 1κ pr´r0qp1` xMpξq 2κ pr0´rqq 12 }op.
Taking into account that r0 ´ r ă 0, and the following facts (see [33, Remark
5.9])
xMpξq 2κ pr0´rq P S 2pr0´rqκ21
κ
,0
pGˆ pGq, p1`xMpξq 2κ pr0´rqq 12 xMpξq 1κ pr0´rq P S 2pr0´rqκ21
κ
,0
pGˆ pGq,
xMpξq 1κ pr´r0qp1` xMpξq 2κ pr0´rqq 12 P S 01
κ
,0
pGˆ pGq,
we deduce that
D1 :“ sup
rξsP pG }
xMpξq 2κ pr0´rq}op, D2 :“ sup
rξsP pG }p1`
xMpξq 2κ pr0´rqq 12 xMpξq 2κ pr0´rq}op ă 8,
and
D3 :“ sup
rξsP pG }
xMpξq 1κ pr´r0qp1` xMpξq 2κ pr0´rqq 12 }op ă 8.
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Consequently,
}xMpξq 1κ pρ|α|´δ|β|´m´rqBpβqX ∆αξ apx, ξqxMpξq rκ }op
ď }xMpξq 2κ pr0´rqXα,β,r0px, ξq
` p1` xMpξq 2κ pr0´rqq 12 xMpξq 1κ pr0´rqXα,β,r0px, ξqxMpξq 1κ pr´r0qp1` xMpξq 2κ pr0´rqq 12 }op
ď }xMpξq 2κ pr0´rq}op}Xα,β,r0px, ξq}op
` }p1` xMpξq 2κ pr0´rqq 12 xMpξq 1κ pr0´rq}op}Xα,β,r0px, ξq}op
ˆ }xMpξq 1κ pr´r0qp1` xMpξq 2κ pr0´rqq 12 }op
ď pD1 `D2 ˆD3q}Xα,β,r0px, ξq}op.
The previous argument shows that D ùñ C for r ą r0. In the case where r ă r0,
we can define Apx, ξq “ xMpξq 1κ pr´r0q. By repeating the argument above we can
deduce that D ùñ C for r ă r0. Indeed, by using again the Corach-Porta-Recht
inequality (4.11), we have
}xMpξq 1κ pρ|α|´δ|β|´m´rqBpβqX ∆αξ apx, ξqxMpξq rκ }op
“ }xMpξq 1κ pr0´rqxMpξq 1κ pρ|α|´δ|β|´m´r0qBpβqX ∆αξ apx, ξqxMpξq r0κ xMpξq 1κ pr´r0q}op
“ }xMpξq 1κ pr0´rqXα,β,r0px, ξqxMpξq 1κ pr´r0q}op
ď }Apx, ξqxMpξq 1κ pr0´rqXα,β,r0px, ξqxMpξq 1κ pr´r0qApx, ξq
` p1` Apx, ξq2q 12 xMpξq 1κ pr0´rqXα,β,r0px, ξqxMpξq 1κ pr´r0qp1` Apx, ξq2q 12 }op
“ }Xα,β,r0px, ξqxMpξq 2κ pr´r0q
` p1` xMpξq 2κ pr´r0qq 12 xMpξq 1κ pr0´rqXα,β,r0px, ξqxMpξq 1κ pr´r0qp1` xMpξq 2κ pr´r0qq 12 }op.
Since r ´ r0 is negative, we have the following facts (see [33, Remark 5.9])
xMpξq 2κ pr´r0q P S 2κ2 pr´r0q1
κ
,0
pGˆ pGq, xMpξq 1κ pr´r0qp1`xMpξq 2κ pr´r0qq 12 P S 2pr´r0qκ21
κ
,0
pGˆ pGq,
p1` xMpξq 2κ pr´r0qq 12 xMpξq 1κ pr0´rq P S 01
κ
,0
pGˆ pGq,
we deduce that
D
1
1 :“ sup
rξsP pG }
xMpξq 2κ pr´r0q}op, D 12 :“ sup
rξsP pG }p1`
xMpξq 2κ pr´r0qq 12 xMpξq 1κ pr0´rq}op ă 8,
and
D
1
3 :“ sup
rξsP pG }
xMpξq 1κ pr´r0qp1` xMpξq 2κ pr´r0qq 12 }op ă 8.
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Consequently,
}xMpξq 1κ pρ|α|´δ|β|´m´rqBpβqX ∆αξ apx, ξqxMpξq rκ }op
ď }Xα,β,r0px, ξqxMpξq 2κ pr´r0q
` p1` xMpξq 2κ pr´r0qq 12 xMpξq 1κ pr0´rqXα,β,r0px, ξqxMpξq 1κ pr´r0qp1` xMpξq 2κ pr´r0qq 12 }op
ď }xMpξq 2κ pr´r0q}op}Xα,β,r0px, ξq}op
` }p1` xMpξq 2κ pr´r0qq 12 xMpξq 1κ pr0´rq}op}Xα,β,r0px, ξq}op
ˆ }xMpξq 1κ pr´r0qp1` xMpξq 2κ pr´r0qq 12 }op
ď pD 11 `D 12 ˆD 13q}Xα,β,r0px, ξq}op.
The previous argument shows that D ùñ C for r0 ą r. The proof is complete. 
Theorem 4.13 implies the following characterization for the contracted subel-
liptic classes.
Corollary 4.14. Let G be a compact Lie group and let 0 ď δ, ρ ď 1. The following
conditions are equivalent.
A. For every α, β P Nn0 ,
pα,β,ρ,δ,m,leftpaq1 :“ sup
px,rξsqPGˆ pG }
xMpξqpρ|α|´δ|β|´mqBpβqX ∆αξ apx, ξq}op ă 8. (4.16)
B. For every α, β P Nn0 ,
pα,β,ρ,δ,m,rightpaq1 :“ sup
px,rξsqPGˆ pG }pB
pβq
X ∆
α
ξ apx, ξqqxMpξqpρ|α|´δ|β|´mq}op ă 8. (4.17)
C. For all r P R, α, β P Nn0 ,
pα,β,ρ,δ,m,rpaq1 :“ sup
px,rξsqPGˆ pG }
xMpξqpρ|α|´δ|β|´m´rqBpβqX ∆αξ apx, ξqxMpξq rκ }op ă 8.
(4.18)
D. There exists r0 P R, such that for every α, β P Nn0 ,
pα,β,ρ,δ,m,r0paq1 :“ sup
px,rξsqPGˆ pG }
xMpξqpρ|α|´δ|β|´m´r0qBpβqX ∆αξ apx, ξqxMpξq r0κ }op ă 8.
(4.19)
E. a P Sm,Lρ,δ pGˆ pGq.
Remark 4.15. We will prove an analogy of Theorem 4.13 for arbitrary graded Lie
groups in Theorem 13.16 extending Theorem 5.5.20 of [65]. For this we will use
the same approach that in the proof of Theorem 4.13.
To study, for example, the classification of negative powers of p1`Lq 12 we need
to study the inversion of symbols in the dilated subelliptic Ho¨rmander classes.
So, we have the following theorem.
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Theorem 4.16. Let m P R, and let 0 ď δ ă ρ ď κ. Let a “ apx, ξq P S m,Lρ,δ pGq.
Assume also that apx, ξq is invertible for every px, rξsq P G ˆ pG, and satisfies
sup
px,rξsqPGˆ pG }
xMpξqmκ apx, ξq´1}op ă 8. (4.20)
Then, a´1 :“ apx, ξq´1 P S ´m,Lρ,δ pGq.
Proof. Let us estimate BpβqXi a´1 first. Suppose we have proved that
I :“ sup
|β|ďℓ
sup
px,rξsqPGˆ pG }
xMpξq 1κ p´δ|β|`mqBpβqX apx, ξq´1}op ă 8,
for some ℓ P N. We proceed by mathematical induction. Let us analyse the cases
|β˜| “ ℓ ` 1. If we write Bpβ˜qX “ BXBpβqX where |β| ď ℓ, then Bβ˜Xia´1 “ BXB
pβq
X a
´1.
From the identity apx, ξqapx, ξq´1 “ Idξ we have
apx, ξqBXBpβqX a´1px, ξq “ ´
ÿ
β1`β2“β`ej ,|β2|ď|β|
Cβ1,β2pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqq.
Consequently,
BXBpβqX a´1px, ξq “ ´apx, ξq´1
ÿ
β1`β2“β`ej ,|β2|ď|β|
Cβ1,β2pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqq.
We want to prove the estimate
sup
px,rξsqPGˆ pG }
xMpξq 1κ p´δp|β|`1q`mqBXBpβqX apx, ξq´1}op ă 8.
For this, we only need to show that for every β1 and β2 such that β1 ` β2 “
β ` ej, |β2| ď |β|,
sup
px,rξsqPGˆ pG }
xMpξq 1κ p´δp|β|`1q`mqapx, ξq´1pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqq}op ă 8.
Observe thatxMpξq 1κ p´δp|β|`1q`mqapx, ξq´1pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqq
“ xMpξq 1κ p´δp|β1|`|β2|q`mqapx, ξq´1pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqq.
First, let us prove that
}xMpξq 1κ p´δp|β1|`|β2|qxMpξqmκ apx, ξq´1pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqq}op
À }pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β1|`|β2|q}op.
Indeed, by using (4.11) with A “ xMpξq 1κ p´δp|β1|`|β2|q and
X “ xMpξq 1κ p´δp|β1|`|β2|qxMpξqmκ apx, ξq´1pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqq,
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we obtain
}xMpξq 1κ p´δp|β1|`|β2|qxMpξqmκ apx, ξq´1pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqq}op
À }xMpξq 2κ p´δp|β1|`|β2|qxMpξqmκ apx, ξq´1pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β1|`|β2|q
` p1` xMpξq 2κ p´δp|β1|`|β2|qq 12Xp1` xMpξq 2κ p´δp|β1|`|β2|qq 12 }op
À }xMpξq 2κ p´δp|β1|`|β2|q}op}xMpξqmκ apx, ξq´1}op}pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β1|`|β2|q}op
` }p1` xMpξq 2κ p´δp|β1|`|β2|qq 12 }op}Xp1` xMpξq 2κ p´δp|β1|`|β2|qq 12 }op
À }pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β1|`|β2|q}op
` }X xMpξq 1κ p´δp|β1|`|β2|qxMpξq 1κ pδp|β1|`|β2|qp1` xMpξq 2κ p´δp|β1|`|β2|qq 12 }op
À }pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β1|`|β2|q}op
` }X xMpξq 1κ p´δp|β1|`|β2|q}op}xMpξq 1κ pδp|β1|`|β2|qp1` xMpξq 2κ p´δp|β1|`|β2|qq 12 }op
À }pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β1|`|β2|q}op
` }xMpξq 1κ p´δp|β1|`|β2|qxMpξqmκ apx, ξq´1pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β1|`|β2|q}op
À }pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β1|`|β2|q}op
` }xMpξq 1κ p´δp|β1|`|β2|q}op}xMpξqmκ apx, ξq´1}op}pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β1|`|β2|q}op
À }pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β1|`|β2|q}op.
Observe that we have estimated
}xMpξq 1κ pδp|β1|`|β2|qp1` xMpξq 2κ p´δp|β1|`|β2|qq 12 }op “ Op1q,
because of xMpξq 1κ pδp|β1|`|β2|qp1` xMpξq 2κ p´δp|β1|`|β2|qq 12 P S 01
κ
,0
pGˆ pGq.
Again, by using Theorem 4.13, we have
}pBpβ1qX apx, ξqqpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β1|`|β2|q}op
ď }pBpβ1qX apx, ξqqxMpξq 1κ p´m´δ|β1|q}op
ˆ }xMpξq 1κ pm`δ|β1|qpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β1|`|β2|q}op
À }xMpξq 1κ pm`δ|β1|qpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β1|`|β2|q}op
“ }xMpξq 1κ pm`δ|β1|qpBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β2|`mqxMpξq 1κ p´δ|β1|´mq}op
À }pBpβ2qX a´1px, ξqqxMpξq 1κ p´δp|β2|`mq}op
À 1,
uniformly in px, rξsq. A similar analysis using the Leibniz rule for difference oper-
ators can be used in order two estimate the differences ∆αξ a
´1. For this, we need
the following two estimates,
}xMpξq 1κ pρ|γ|´δ|β|qapx, ξq´1r∆γξBpβqX apx, ξqs}op “ Op1q, (4.21)
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}r∆γξBpβqX apx, ξqsapx, ξq´1xMpξq 1κ pρ|γ|´δ|β|q}op “ Op1q. (4.22)
For the proof, let us use (4.11), observing that
}xMpξq 1κ pρ|γ|´δ|β|qapx, ξq´1r∆γξBpβqX apx, ξqs}op
“ }xMpξq 1κ pρ|γ|´δ|β|´mqxMpξqmκ apx, ξq´1r∆γξBpβqX apx, ξqs}op
À }xMpξqmκ apx, ξq´1r∆γξBpβqX apx, ξqsxMpξq 1κ pρ|γ|´δ|β|´mq}op
À }xMpξqmκ apx, ξq´1}op}r∆γξBpβqX apx, ξqsxMpξq 1κ pρ|γ|´δ|β|´mq}op
“ Op1q.
On the other hand,
}r∆γξBpβqX apx, ξqsapx, ξq´1xMpξq 1κ pρ|γ|´δ|β|q}op
“ }r∆γξBpβqX apx, ξqsxMpξq´mκ xMpξqmκ apx, ξq´1xMpξq 1κ pρ|γ|´δ|β|q}op
À }xMpξq 1κ pρ|γ|´δ|β|qr∆γξBpβqX apx, ξqsxMpξq´mκ xMpξqmκ apx, ξq´1}op
À }xMpξq 1κ pρ|γ|´δ|β|qr∆γξBpβqX apx, ξqsxMpξq´mκ }op}xMpξqmκ apx, ξq´1}op
À }xMpξq 1κ p´m`ρ|γ|´δ|β|qr∆γξBpβqX apx, ξqs}op
“ Op1q.
Now, we will estimate in 1
κ
pm`ρℓq the subelliptic order for the differences ∆qℓa´1,
in the dilated classes. To do so, we will use mathematical induction. The case
ℓ “ 0 holds true from the hypothesis of Theorem 4.16. To study the differences
of higher order we will use the Leibniz rule (see Remark 3.3),
∆qℓra1a2spx, ξq “
ÿ
|γ|,|ε|ďℓď|γ|`|ε|
Cε,γp∆qγa1qpx, ξqp∆qεa2qpx, ξq,
for ai P C8pGqˆS 1p pGq. From the identity, apx, ξqapx, ξq´1 “ Idξ , we deduce that
p∆q1aqpx, ξqapx, ξq´1 ` apx, ξqp∆q1a´1qpx, ξq
“ ´
ÿ
1“ν,ν1
Cν,ν1p∆qpνqaqpx, ξqp∆qpν1qa´1qpx, ξq,
and consequently
p∆q1a´1qpx, ξq “ ´apx, ξq´1p∆q1aqpx, ξqa´1px, ξq
´
ÿ
1“ν,ν1
Cν,ν1apx, ξq´1p∆qpνqaqpx, ξqp∆qpν1qa´1qpx, ξq.
The differences of higher order ∆qℓ`1a
´1, can be estimated e.g. from difference
operators of the form
∆qℓ`1 “ ∆qℓ∆q1 .
Then, by applying the difference operator ∆qℓ to p∆q1a´1qpx, ξq we essentially
obtain linear combinations of terms of the following kind as a consequence of the
Leibniz rule:
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‚ IVp1qpx, ξq :“ ∆qℓapx, ξq´1 ˆ p∆q1aqpx, ξq ˆ a´1px, ξq
‚ IVp2qpx, ξq :“ apx, ξq´1 ˆ∆qℓ`1apx, ξq ˆ a´1px, ξq
‚ IVp3qpx, ξq :“ apx, ξq´1 ˆ∆q1apx, ξq ˆ∆qℓa´1px, ξq
‚ IVp4qpx, ξq :“ ∆qℓ1apx, ξq´1ˆp∆qℓ2`1aqpx, ξqˆ∆qℓ3`1a´1px, ξq, 1 ď ℓ1, ℓ2, ℓ3 ď
ℓ ď ℓ1 ` ℓ2 ` ℓ3,
‚ Vp1qpx, ξq :“ ∆qℓapx, ξq´1 ˆ p∆qpνqaqpx, ξq ˆ∆qpν1qa´1px, ξq
‚ Vp2qpx, ξq :“ apx, ξq´1 ˆ∆qℓ`νapx, ξq ˆ∆qν1a´1px, ξq
‚ Vp3qpx, ξq :“ apx, ξq´1 ˆ∆qpνqapx, ξq ˆ∆qℓ`ν1a´1px, ξq
‚ Vp4qpx, ξq :“ ∆qℓ1apx, ξq´1ˆp∆qℓ2`νaqpx, ξqˆ∆qℓ3`ν1a´1px, ξq, 1 ď ℓ1, ℓ2, ℓ3 ď
ℓ ď ℓ1 ` ℓ2 ` ℓ3,
which we can estimate as follows. First, assume that for every ℓ ě 1, ℓ P N, we
have
sup
px,rξsq
}xMpξq 1κ pm`ρℓqp∆qℓa´1qpx, ξq}op ă 8.
We need to prove that
sup
px,rξsq
}xMpξq 1κ pm`ρpℓ`1qqp∆qℓ`1a´1qpx, ξq}op ă 8.
For this, it is enough to prove that
sup
px,rξsq
}xMpξq 1κ pm`ρpℓ`1qqIVpiqpx, ξq}op, sup
px,rξsq
}xMpξq 1κ pm`ρpℓ`1qqVpjqpx, ξq}op ă 8,
36 D. CARDONA AND M. RUZHANSKY
for all 1 ď i, j ď 4. Next, let us omit the argument px, ξq in order to simplify the
notation. So, we have
}xMpξq 1κ pm`ρpℓ`1qqIVp1q}op
` }xMpξq 1κ pm`ρpℓ`1qqIVp2qpx, ξq}op
` }xMpξq 1κ pm`ρpℓ`1qqIVp3qpx, ξq}op
` }xMpξq 1κ pm`ρpℓ`1qqVp1qpx, ξq}op
` }xMpξq 1κ pm`ρpℓ`1qqVp2qpx, ξq}op
“ }xMpξq 1κ pm`ρpℓ`1qq∆qℓa´1 ˆ p∆q1aq ˆ a´1}op
` }xMpξq 1κ pm`ρpℓ`1qqa´1 ˆ∆qℓ`1a ˆ a´1}op
` }xMpξq 1κ pm`ρpℓ`1qqa´1 ˆ∆q1aˆ∆qℓa´1}op
` }xMpξq 1κ pm`ρpℓ`1qq∆qℓa´1 ˆ p∆qpνqaq ˆ∆qpν1qa´1}op
` }xMpξq 1κ pm`ρpℓ`1qqa´1 ˆ∆qℓ`νaˆ∆qν1a´1}op
À }xMpξq 1κ pm`ρℓq∆qℓa´1 ˆ p∆q1aq ˆ a´1xMpξq ρκ }op
` }xMpξqmκ a´1 ˆ∆qℓ`1aˆ a´1xMpξq 1κ pρpℓ`1qq}op
` }xMpξq ρκa´1 ˆ∆q1aˆ∆qℓa´1xMpξq 1κ pm`ρℓq}op
` }xMpξq 1κ pm`ρℓq∆qℓa´1}op}p∆qpνqaq ˆ∆qpν1qa´1 xMpξq ρκ }op
` }xMpξq 1κ pm`ρpℓ`1qqa´1 ˆ∆qℓ`νa ˆ∆qν1a´1}op
À }p∆q1aq ˆ a´1xMpξq ρκ }op
` }∆qℓ`1a ˆ a´1xMpξq 1κ pρpℓ`1qq}op
` }xMpξq ρκa´1 ˆ∆q1a}op
` }p∆qpνqaq ˆ a´1xMpξq ρκ }op
` }xMpξq 1κ pρpℓ`1qqa´1 ˆ∆qℓ`νa}op
À 1,
where we have used the estimates
}p∆qpνqaq ˆ∆qpν1qa´1xMpξq ρκ }op À 1, (4.23)
and
}xMpξq 1κ pm`ρpℓ`1qqa´1 ¨∆qℓ`νa ¨∆qν1a´1}op À }xMpξq 1κ pρpℓ`1qqa´1 ¨∆qℓ`νa}op. (4.24)
SUBELLIPTIC GLOBAL OPERATORS 37
Indeed, for the proof of (4.23) observe that from the induction hypothesis, we
have
}p∆qpνqaqˆ∆qpν1qa´1xMpξq ρκ }op
À }xMpξq 1κ p´m`ρqp∆qpνqaq ˆ∆qpν1qa´1xMpξq 1κ pm`ρq xMpξq´ ρκ }op
“ }xMpξq 1κ p´m`ρqp∆qpνqaq}op}∆qpν1qa´1xMpξq 1κ pm`ρq}op}xMpξq´ ρκ }op
À 1.
In order to prove (4.24), observe that
}xMpξq 1κ pm`ρpℓ`1qqa´1 ˆ∆qℓ`νa ˆ∆qν1a´1}op
À }xMpξq 1κ pρpℓ`1qqa´1 ˆ∆qℓ`νa ˆ∆qν1a´1 xMpξqmκ }op
À }xMpξq 1κ pρpℓ`1qqa´1 ˆ∆qℓ`νa}op}∆qν1a´1xMpξq 1κ pm`ρq}op}xMpξq´ ρκ }op
À }xMpξq 1κ pρpℓ`1qqa´1 ˆ∆qℓ`νa}op.
A similar analysis can be used to study IVp4qpx, ξq, Vp3qpx, ξq and Vp4qpx, ξq. Thus,
we end the proof. 
Theorem 4.16 implies the following result for the contracted subelliptic classes.
Corollary 4.17. Let m ě 0, and let 0 ď δ ă ρ ď 1. Let a “ apx, ξq P Sm,Lρ,δ pG ˆpGq. Assume also that apx, ξq is invertible for every px, rξsq P Gˆ pG, and satisfies
sup
px,rξsqPGˆ pG }
xMpξqmapx, ξq´1}op ă 8. (4.25)
Then, a´1 :“ apx, ξq´1 P S´m,Lρ,δ pGˆ pGq.
Definition 4.18 (L-ellipticity). In view of Theorem 4.16 and Corollary 4.17,
it is justified to say that the symbols a P Sm,Lρ,δ pG ˆ pGq “ S mκ,Lρκ,δκ pGq satisfying
(4.25) are L-elliptic of order m and of type pρ, δq, 0 ď δ, ρ ď 1, in the subelliptic
contracted classes (or L-elliptic of order mκ and of type pρκ, δκq, 0 ď δ, ρ ď 1, in
the subelliptic dilated classes).
Example 4.19 (Negative powers of p1`Lq 12 ). For s ą 0, setM´s :“ p1`Lq´ s2 .
We will discuss the reasons justifying the following fact,
M´s P OppS ´sκ,L1,0 pGqq “ OppS´s,L1
κ
,0
pGˆ pGqq. (4.26)
Indeed, we have from Example 4.6 that Ms P OppS sκ,L1,0 pGqq. Since
sup
rξsP pG }
xMpξq sκκ xM´spξq}op “ sup
rξsP pG }Idξˆdξ}op “ 1,
we have proved (4.20) for m “ sκ. So, from Theorem 4.16, we deduce (4.26).
Remark 4.20 (Dependence of the subelliptic Ho¨rmander classes on the choice of
a sub-Laplacian). In general, if we take two sub-Laplacians L1 and L2 on G,
associated with two systems of vector fields satisfying the Ho¨rmander condition
of order κ, the corresponding subelliptic Ho¨rmander classes Sm,L1ρ,δ pG ˆ pGq and
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S
m,L2
ρ,δ pG ˆ pGq do not agree necessarily. This implies that the subelliptic classes
may in general depend on the choice of the sub-Laplacian as we will see in Remark
14.1, even for collections of vector fields of the same step.
4.2. Singular kernels of subelliptic pseudo-differential operators. In or-
der to study the behaviour of the kernel of a subelliptic operator near the origin
we will consider a strongly admissible collection of difference operators t∆qpjqu
and γ0 P Ni0, |γ0| “ ℓ, such that
∆qℓ ” ∆γ0ξ :“ ∆γ1qp1q ¨ ¨ ¨∆γiqpiq, γ0 “ pγjq1ďjďi.
The strong admissibility means that
rankt∇qpjqpeq : 1 ď j ď iu “ dimpGq, ∆qpjq P diff1p pGq,
and that x “ eG is the only common zero of the functions qpjq, i.e.
ič
j“1
tx P G : qpjqpxq “ 0u “ teGu.
Remark 4.21. For our further analysis we will use that in view of the Weyl-
eigenvalue counting formula for the sub-Laplacian, we have
Npλq :“
ÿ
rξsP pG:p1`νiipξq2q s2ďλ, @1ďiďdξ
d2ξ “ Opλ
Q
s q,
for every λ ą 0, and s P N (following from Hassannezhad and Kokarev [76,
Theorem 3.5]).
Remark 4.22. Let us note that from Remark 4.21, we can deduce that d2ξ À
p1` νiipξq2q s2ˆQs , for xξy Ñ 8, which also implies that
dξ À p1` νiipξq2q
Q
4 — p1` νiipξqq
Q
2 , xξy Ñ 8. (4.27)
We summarise the properties for the kernels of subelliptic operators in the
following theorem. We will denote | ¨ | the metric induced by the geodesic distance
on G ˆG, measuring the distance from the identity element eG.
Proposition 4.23. Let G be a compact Lie group of dimension n and let 0 ď
δ, ρ ď 1. Let A : C8pGq Ñ D 1pGq be a continuous linear operator with symbol
σ P Sm,Lρ,δ pGˆ pGq in the contracted subelliptic Ho¨rmander class of order m and of
type pρ, δq. Then, the right-convolution kernel of A, x ÞÑ kx : G Ñ C8pGzteGuq,
defined by kx :“ F´1σpx, ¨q, satisfies the following estimates for |y| ă 1:
(i) if m ą ´Q, there exists ℓ P N, independent of σ, such that
|kxpyq| Àm }σ}ℓ,Sm,L
ρ,δ
|y|´Q`mρ .
(ii) If m “ ´Q, there exists ℓ P N, independent of σ, such that
|kxpyq| Àm }σ}ℓ,Sm,L
ρ,δ
| log |y||.
(iii) If m ă ´Q, there exists ℓ P N, independent of σ, such that
|kxpyq| Àm }σ}ℓ,Sm,L
ρ,δ
.
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The proof of Proposition 4.23 requires some preliminary results.
Remark 4.24. Let us consider k P D 1pGq, and let s ą Q{2. Then,
}k}L2pGq Às sup
rξsP pG }
xMpξqspkpξq}op, (4.28)
in the sense that k P L2pGq when the right hand side is finite. Indeed, let us
observe that
}k}L2pGq “ }pk}L2p pGq “ }xMpξq´sxMpξqspk}L2p pGq
ď sup
rξsP pG }
xMpξqspkpξq}op}xMpξq´s}L2p pGq.
Observe that
}xMpξq´s}2
L2p pGq “
ÿ
rξsP pG
dξ}xMpξq´s}2HS
“
8ÿ
j“0
ÿ
rξs:2jďp1`νkkpξq2q
1
2ă2j`1, @1ďkďdξ
dξ
dξÿ
i“1
p1` νiipξq2q´s
—
8ÿ
j“0
ÿ
rξs:2jďp1`νkkpξq2q
1
2ă2j`1, @1ďkďdξ
d2ξ2
´2js
ď
8ÿ
j“0
ÿ
rξs:2jďp1`νkkpξq2q
1
2ă2j`1, @1ďkďdξ
d2ξ2
´2js
“
8ÿ
j“0
Np2j`1q2´2js,
where Npλq denotes the Weyl function for the sub-Laplacian. From Remark
4.21, we have that Np2j`1q — Np2jq » 2jQ. Consequently }xMpξq´s}2
L2p pGq ă 8,
for s ą Q{2. Thus, we conclude the proof.
Remark 4.25. Let us observe that for s ą Q{2, we have the embedding
Hs,LpGq ” L2,Ls pGq ãÑ CpGq.
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This is well known, but we will provide a proof for completeness. If f P C8pGq,
then we have
|fpxq| ď
ÿ
rξsP pG
dξ|Trrξpxq pfpξqs| “ ÿ
rξsP pG
dξ|TrrξpxqxMpξq´sxMpξqs pfpξqs|
ď
ÿ
rξsP pG
d
1
2
ξ }ξpxqxMpξq´s}HSd 12ξ }xMpξqs pfpξq}HS
ď
¨˝ ÿ
rξsP pG
dξ}ξpxqxMpξq´s}2HS‚˛
1
2
¨˝ ÿ
rξsP pG
dξ}xMpξqs pfpξq}2HS‚˛
1
2
ď
¨˝ ÿ
rξsP pG
dξ}xMpξq´s}2HS‚˛
1
2
¨˝ ÿ
rξsP pG
dξ}xMpξqs pfpξq}2HS‚˛
1
2
“ }xMpξq´s}L2p pGq}f}L2,Ls pGq.
The condition s ą Q{2, implies that }xMpξq´s}
L2p pGq ă 8. Now, if fi Ñ f in
HspGq, the previous inequality shows that fi Ñ f uniformly on G, and it shows
that f is continuous.
Lemma 4.26. Let G be a compact Lie group of Hausdorff dimension Q and let
0 ď δ, ρ ď 1. Let A : C8pGq Ñ D 1pGq be a continuous linear operator with symbol
σ P Sm,Lρ,δ pG ˆ pGq in the contracted subelliptic Ho¨rmander class of order m and
of type pρ, δq. Let kx be the right-convolution kernel of A, and let us define the
function
fβ1,β,αpzq :“ p1` Lzq|β|prqαp1qp1q ¨ ¨ ¨ qαpiqpiq sBβ
1
x kxpzqq
where t∆qpiqu, is an admissible family of difference operators with x “ eG being the
only common zero of the functions qpiq. Then, fβ1,β,α is continuous and bounded
provided that
Q` 2|β| `m` δ|β 1| ă ρ|α|.
Moreover
sup
zPG
|fβ1,β,αpzq| À }σ}|α|`|β1|,Sm,L
ρ,δ
.
Proof. Let us fix s ą Q{2, and let a “ |α|. By using the subelliptic Sobolev
embedding theorem (see Remark 4.25), if we prove that there exists Cs ą 0, such
that
}fβ1,β,αpzq}Hs,LpGq À Cs, (4.29)
then fβ1,β,αpzq is a continuous and bounded function, and
sup
zPG
|fβ1,β,αpzq| Às }fβ1,β,αpzq}Hs,LpGq.
Observe that
}fβ1,β,αpzq}Hs,LpGq “ }p1` Lq
s`2|β|
2 rqαp1qp1q ¨ ¨ ¨ qαpiqpiq sBβ
1
x kxpzq}L2pGq.
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Fix s1 ą Q{2. From (4.28), we deduce
}p1` Lq s`2|β|2 rqαp1qp1q ¨ ¨ ¨ qαpiqpiq sBβ
1
x kxpzq}L2pGq
À sup
rξsP pG }
xMpξqs1F rp1` Lq s`2|β|2 rqαp1qp1q ¨ ¨ ¨ qαpiqpiq sBβ1x kxpzqs}op
“ sup
rξsP pG }
xMpξqs1`s`2|β|∆qaBβ1x σpx, ξq}op.
Since σ P Sm,Lρ,δ pGˆ pGq “ S mκ,Lρκ,δκ pGˆ pGq, we can write,
}xMpξqs1`s`2|β|∆qaBβ1x σpx, ξq}op
“ }xMpξqs1`s`2|β|`m´ρ|α|`δ|β1|xMpξq´m`ρ|α|´δ|β1|∆qaBβ1x σpx, ξq}op
ď }xMpξqs1`s`2|β|`m´ρ|α|`δ|β1|}op}xMpξq´m`ρ|α|´δ|β1|∆qaBβ1x σpx, ξq}op
À }xMpξqs1`s`2|β|`m´ρ|α|`δ|β1|}op}σ}|α|`|β1|,Sm,L
ρ,δ
.
To conclude the proof, we need only that
Is,s1 :“ sup
rξsP pG }
xMpξqs1`s`2|β|`m´ρ|α|`δ|β1|}op ă 8.
Indeed, in (4.29), we can take Cs :“ Is,s1}σ}|α|`|β1|,Sm,L
ρ,δ
. But, in order to assure
that Is,s1 ă 8, we only need to impose that s1 ` s ` 2|β| `m´ ρ|α| ` δ|β 1| ď 0,
restricted to s` s1 ą Q
2
` Q
2
“ Q. The inequality, Q` 2|β| ă s1 ` s` 2|β|, shows
that the required inequality holds if, Q` 2|β| `m´ ρ|α| ` δ|β 1| ă 0. In this case,
we can assure the existence of s, and s1 close enough to Q{2, as above such that
Q ` 2|β| `m´ ρ|α| ` δ|β 1| ă s1 ` s` 2|β| `m´ ρ|α| ` δ|β 1| ď 0.
Thus, we finish the proof. 
From the previous lemma we deduce the following immediate consequence.
Corollary 4.27. Let G be a compact Lie group of Hausdorff dimension Q and
let 0 ď δ, ρ ď 1. Let A : C8pGq Ñ D 1pGq be a continuous linear operator with
symbol σ P Sm,Lρ,δ pGˆ pGq in the contracted subelliptic Ho¨rmander class of order m
and of type pρ, δq. Let kx be the right-convolution kernel of A, and let us define
the function
fpzq :“ kxpzq.
Then, f is continuous and bounded provided that
Q`m ă 0.
Finally we need the following Lemma (see Lemma 6.8 of [61]).
Lemma 4.28. Let σ P S mρ,δpG ˆ pGq, with 0 ď δ ď ρ ď 1. Let η P C80 pRq. For
every t P p0, 1q, we define the symbol σt by σtpx, ξq “ σpx, ξqηptxξyq. Then, for
every m1 P R, we have
}σt}a`b,Sm1
ρ,δ
ď C}σ}a`b,Smρ,δt
m1´m
2 .
where C “ Cm,m1,a,b,η does not depend on σ and t P p0, 1q.
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Proof of Proposition 4.23. In the light of Remark 4.24 and Lemma 4.26 we will
follow the approach in the proof of Proposition 6.8 in [61], adapted to the subel-
liptic case. Note that for m ă ´Q, Proposition 4.23 follows from Corollary 4.27.
So, we will assume that m ě ´Q. In order to prove the theorem in this case, we
will use a Littlewood-Paley decomposition. Let us choose η0 and η1, supported
in r´1, 1s and r1
2
, 2s respectively, with 0 ď η0, η1 ď 1, such that
@t ě 0,
8ÿ
ℓ“0
ηℓptq “ 1, where for all ℓ P N, ηℓptq :“ η1p2´pℓ´1qtq.
For every ℓ P N0, let us denote σℓpx, ξq :“ σpx, ξqηℓpxξyq. Let us denote by kx and
kx,ℓ the right-convolutions kernels associated with A and Tσℓ “ Oppσℓq, respec-
tively. We have the (possibly unbounded summation),
|kxpyq| ď
8ÿ
ℓ“0
|kx,ℓpyq|.
By Lemma 4.26, we have
sup
zPG
|rqαp1qp1q ¨ ¨ ¨ qαpiqpiq skx,ℓpzq| À }σℓ}|α|,Sm1,L
ρ,δ
.
Although we can take an arbitrary m1 P R because kx,ℓ is a smooth function in
view that σℓ P S ´81,0 :“ XνPRS ν1,0, the hypothesis in Lemma 4.26 suggests us to
fix the following condition
m1 `Q ă ρ|α|.
From (6.5) in Remark 6.5, applied with s “ 2´pℓ´1q and ω “ pm1 ´ mq{2, we
obtain the following estimate for the subelliptic seminorm } ¨ }
|α|,S
m1,L
ρ,δ
of σℓ,
}σℓ}|α|,Sm1,L
ρ,δ
À }σ}|α|,Sm,L
ρ,δ
2´pℓ´1qp
m1´m
2
q À }σ}|α|,Sm,L
ρ,δ
2´ℓp
m1´m
2
q.
As is Lemma 5.6 of [61], the fact that (see [61, page 20])
rankt∇qpjqpeq : 1 ď j ď iu “ dimpGq, ∆qpjq P diff1p pGq,
and by using that x “ eG is the only common zero of the functions qpjq, implies
that (see [61, page 20])
|z|a À
ÿ
|α|“a
|qαp1qp1q ¨ ¨ ¨ qαpiqpiq |.
Consequently, for every a P 2N0, and m1 P R with m1 `Q ă ρa, we have proved
the estimate
|z|a|kx,ℓpzq| À }σ}a,Sm,L
ρ,δ
2ℓp
m´m1
2
q.
Because our analysis is local, and G is compact, we only need to consider the
case |z| ă 1. So, let us choose ℓ0 P N, such that |z| „ 2´ℓ0. So, we consider the
following two situations.
‚ Case 1. m`Q ą 0.
‚ Case 2. m`Q “ 0.
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In the first case, for ℓ ď ℓ0, we can choose m1 P R, such that
m`Q
ρ
ą a ě m`Q
ρ
´ 2, and, m´m1
2
“ m`Q
ρ
´ a.
Because m`Q ą ρa, m`Q
ρ
´ a “ m´m1
2
ą 0. So, m ą m1, and
ℓ0ÿ
ℓ“0
|kx,ℓpzq| À
ℓ0ÿ
ℓ“0
|z|´a}σ}
a,S
m,L
ρ,δ
2ℓp
m´m1
2
q
ď
ℓ0ÿ
ℓ“0
|z|´a}σ}
a,S
m,L
ρ,δ
2ℓ0p
m´m1
2
q
“ |z|´a}σ}
a,S
m,L
ρ,δ
ℓ02
ℓ0p
m´m1
2
q
À }σ}
a,S
m,L
ρ,δ
2ℓ0p
m`Q
ρ q — |z|´m`Qρ .
On the other hand, if ℓ ą ℓ0, we choose m1 satisfying
m`Q
ρ
ą a ě m`Q
ρ
´ 2, and, m´m1
2
“ m`Q
ρ
´ a ´ 2.
So, m ă m1, and again we have
8ÿ
ℓ“ℓ0`1
|kx,ℓpzq| À
8ÿ
ℓ“ℓ0`1
|z|´a}σ}
a,S
m,L
ρ,δ
2ℓp
m´m1
2
q
À |z|´a}σ}
a,S
m,L
ρ,δ
2ℓ0p
m´m1
2
q
— |z|´a}σ}
a,S
m,L
ρ,δ
|z|´pm´m12 q “ }σ}
a,S
m,L
ρ,δ
|z|´pm´m12 `aq
“ }σ}
a,S
m,L
ρ,δ
|z|´pm`Qρ ´2q
ď }σ}
a,S
m,L
ρ,δ
|z|´m`Qρ .
So, we have proved the statement for Case 1. Now, if we consider m “ ´Q, then
we choose a “ 0, m1 “ m and we proceed as above,
ℓ0ÿ
ℓ“0
|kx,ℓpzq| À
ℓ0ÿ
ℓ“0
|z|´a}σ}
a,S
m,L
ρ,δ
2ℓp
m´m1
2
q “
ℓ0ÿ
ℓ“0
}σ}
a,S
m,L
ρ,δ
“ }σ}
a,S
m,L
ρ,δ
¨ ℓ0
— }σ}
a,S
m,L
ρ,δ
| logp2´ℓ0q|
— }σ}
a,S
m,L
ρ,δ
| log |z||.
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On the other hand, if ℓ ą ℓ0, we choose m1 “ m` 4, and a “ 2. Then, m1´m2 “
2 “ a, and we can estimate
8ÿ
ℓ“ℓ0`1
|kx,ℓpzq| À
8ÿ
ℓ“ℓ0`1
|z|´a}σ}
a,S
m,L
ρ,δ
2´2ℓ “ }σ}
a,S
m,L
ρ,δ
22ℓ0
8ÿ
ℓ“ℓ0`1
2´2ℓ
— }σ}
a,S
m,L
ρ,δ
22ℓ0 ˆ 2
´2pℓ0`1q
1´ 2´2 À }σ}a,Sm,Lρ,δ ď }σ}a,Sm,Lρ,δ ℓ0
— }σ}
a,S
m,L
ρ,δ
| log |z||.
Thus, we finish the proof. 
4.3. Caldero´n-Vaillancourt Theorem for subelliptic classes. The aim of
this subsection is to prove the following subelliptic version of the Caldero´n-
Vaillancourt theorem.
Theorem 4.29. Let G be a compact Lie group and let us consider the sub-
Laplacian L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields sat-
isfying the Ho¨rmander condition of order κ. For 0 ď δ ă ρ ď 1, let us consider
a continuous linear operator A : C8pGq Ñ D 1pGq with symbol σ P S0,Lρ,δ pG ˆ pGq.
Then A extends to a bounded operator from L2pGq to L2pGq. Moreover,
}A}BpL2pGqq ď C}σ}ℓ,S0,L
ρ,δ
, (4.30)
for ℓ P N large enough. In the case where δ ď 1{2κ, and ρ ď 1{2κ, the condition
δ ă ρ can be improved to δ ď ρ in order to obtain the L2pGq-boundedness of A.
In order to prove Theorem 4.29, we start with the following subelliptic bilinear
estimate. For every rτ s P pG, we will denote by HλrτspGq the eigenspace of the
Laplacian LG associated with the eigenvalue λrτ s.
Lemma 4.30. Let f P HλrξspGq, g P Hλrξ1 spGq, and let γ P R, s ą Q{2, be such
that 2γ ` s ď 0. Then, the following subelliptic bilinear estimate
}p1` Lqγpfgq}L2pGq ď Cs,γp1` |λrξ1s ´ λrξs|q 1κ pγ` s2`
Q
8
q}g}L2pGq}f}L2pGq
holds true uniformly in rξs, rξ1s P pG. Here n is the topological dimension of G.
Proof. Let us consider f P HλrξspGq and g P Hλrξ1 spGq. Without loss of generality
let us consider λrξ1s ě λrξs. From the Fourier inversion formula we have,
pfgqpxq :“ fpxqgpxq “
ÿ
rηsP pG:λrηs“λrξ1s
dηTrrηpxqfpxqpgpηqs.
So, if the apply p1` Lqγ to both sides, we have
p1` Lqγpfgqpxq “
ÿ
rηsP pG:λrηs“λrξ1s
dηTrrp1` Lqγpηpxqfpxqqpgpηqs.
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The Cauchy-Schwarz inequality gives,
|p1` Lqγpfgqpxq| ď
ÿ
rηsP pG:λrηs“λrξ1s
dη|Trrp1` Lqγpηpxqfpxqqpgpηqs|
ď }g}L2pGq
¨˝ ÿ
rηsP pG:λrηs“λrξ1s
dη}p1` Lqγpηpxqfpxqq}2HS‚˛
1
2
,
and consequently
}p1`Lqγpfgq}2L2pGq ď }g}2L2pGq
ÿ
rηsP pG:λrηs“λrξ1s
dη
ż
G
}p1`Lqγpηpxqfpxqq}2HSdx. (4.31)
To estimate the integral on the right-hand side we can consider a basis teτ,iu1ďiďdτ
of every representation space Cdτ , where the symbol of operatorM2γ :“ p1`Lqγ
is diagonalxM2γpτqeτ,i “ xMpτq2γeτ,i “ p1` νiipτq2qγeτ,i, @1 ď i ď dτ , rτ s P pG.
So, from the Plancherel formula, we haveż
G
}p1` Lqγpηpxqfpxqq}2HSdx “
ÿ
1ďk,ℓďdη
ż
G
|p1` Lqγpfpxqηℓ,kpxqq|2dx
“
ÿ
1ďk,ℓďdη
ÿ
rτ sP pG
dτ}xMpτq2γF rfηℓ,kspτq}2HS
“
ÿ
1ďk,ℓďdη
ÿ
rτ sP pG
dτÿ
ℓ1,k1“1
dτ |p1` νℓ1ℓ1pτq2qγF rfηℓ,kspτℓ1k1q|2.
Observe that
F rfηℓ,kspτℓ1k1q “
ż
G
fpyqηℓ,kpyqτ˚ℓ1k1pyqdy “
ż
G
fpy´1qτℓ1k1pyqη˚ℓ,kpyqdy
“ F rf˜ τℓ1k1spηℓ,kq,
where f˜p¨q :“ fp¨´1q. So, by changing the summation order we have,ÿ
1ďk,ℓďdη
ÿ
rτ sP pG
dτÿ
ℓ1,k1“1
dτ |p1` νℓ1ℓ1pτq2qγF rfηℓ,kspτℓ1k1q|2
“
ÿ
rτ sP pG
dτ
dτÿ
ℓ1,k1“1
p1` νℓ1ℓ1pτq2q2γ
ÿ
1ďk,ℓďdη
|F rf˜ τℓ1k1spηℓ,kq|2
“
ÿ
rτ sP pG
dτ
dτÿ
ℓ1,k1“1
p1` νℓ1ℓ1pτq2q2γ}F rf˜τℓ1k1spηq}2HS.
Returning to (4.31), and using the Plancherel theorem, we can estimate
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}p1` Lqγpfgq}2L2pGq ď }g}2L2pGq
ÿ
rηsP pG:λrηs“λrξ1 s
dη
ż
G
}p1` Lqγpηpxqfpxqq}2HSdx
ď }g}2L2pGq
ÿ
rηsP pG:λrηs“λrξ1s
dη
ÿ
rτ sP pG
dτ
dτÿ
ℓ1,k1“1
p1` νℓ1ℓ1pτq2q2γ}F rf˜ τℓ1k1spηq}2HS
“ }g}2L2pGq
ÿ
rτ sP pG
dτ
dτÿ
ℓ1,k1“1
p1` νℓ1ℓ1pτq2q2γ
ÿ
rηsP pG:λrηs“λrξ1s
dη}F rf˜ τℓ1k1spηq}2HS
“ }g}2L2pGq
ÿ
rτ sP pG
dτ
dτÿ
ℓ1,k1“1
p1` νℓ1ℓ1pτq2q2γ}Pξ1rf˜ τℓ1k1s}2L2pGq,
where Pξ1 : L
2pGq Ñ HλrηspGq, denotes the orthogonal projection on the subspace
Hλ
rξ
1
s
pGq, with λrηs “ λrξ1s. By using that f P HλrξspGq, and τℓ1k1 P Hλrτ 1spGq. It was
proved in [61, page 45], that fτℓ1k1 P
À
λrωsďmaxtλrξs,λrτsu
Hλrωs . So, if λrξs ` λrτ s ă
λrξ1s, then Pξ1rfτℓ1k1s ” 0. From this analysis we deduce
}p1` Lqγpfgq}2L2pGq ď }g}2L2pGq
ÿ
rηsP pG:λrηs“λrξ1s
dη
ż
G
}p1` Lqγpηpxqfpxqq}2HSdx
ď }g}2L2pGq
ÿ
rτ sP pG:λrτsěλrξ1 s´λrξs
dτ
dτÿ
ℓ1,k1“1
p1` νℓ1ℓ1pτq2q2γ}Pξ1rf˜ τℓ1k1s}2L2pGq
ď }g}2L2pGq
ÿ
rτ sP pG:λrτsěλrξ1 s´λrξs
dτ
ÿ
1ďℓ0ďdτ
p1` νℓ10ℓ10pτq2q2γ sup
1ďℓ1ďdτ
dτÿ
k1“1
}Pξ1rf˜ τℓ1k1s}2L2pGq.
Since }Pξ1}BpL2pGqq “ 1, and |τℓ1k1pxq| ď }τℓ1k1pxq}op “ 1, we have
dτÿ
k1“1
}Pξ1rf˜ τℓ1k1s}2L2pGq ď dτ sup
k1“1,¨¨¨ ,dτ
}τℓ1k1}2L8pGq}f˜}2L2pGq ď dτ}f˜}2L2pGq
“ dτ}f}2L2pGq.
Consequently,
}p1` Lqγpfgq}2L2pGq ď }g}2L2pGq
ÿ
rηsP pG:λrηs“λrξ1 s
dη
ż
G
}p1` Lqγpηpxqfpxqq}2HSdx
ď }g}2L2pGq
ÿ
rτ sP pG:λrτsěλrξ1s´λrξs
dτ
ÿ
1ďℓ0ďdτ
p1` νℓ10ℓ10pτq2q2γ ˆ dτ}f}2L2pGq
“ }g}2L2pGq}f}2L2pGq
ÿ
rτ sP pG:λrτsěλrξ1 s´λrξs
d2τ
ÿ
1ďℓ0ďdτ
p1` νℓ10ℓ10pτq2q2γ.
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Hence, we have obtained the following estimate,
}p1` Lqγpfgq}2L2pGq ď }g}2L2pGq}f}2L2pGqI,
where,
I :“
ÿ
rτ sP pG:λrτsěλrξ1s´λrξs
dτ
2p1` νℓ10ℓ10pτq2q2γ ă 8.
In order to finish the proof we need to show that I ă 8. Let us fix γ and s such
that 2γ ` s` Q
4
ď 0, and s ą Q{2. Observe thatÿ
rτ sP pG:λrτsěλrξ1s´λrξs
dτ
2p1` νℓ10ℓ10pτq2q2γ
“
ÿ
rτ sP pG:λrτsěλrξ1 s´λrξs
dτ ˆ dτp1` νℓ10ℓ10pτq2q2γ`sp1` νℓ10ℓ10pτq2q´s
ď
ÿ
rτ sP pG:λrτsěλrξ1 s´λrξs
ÿ
1ďℓ11ďdτ
dτ p1` νℓ10ℓ10pτq2q2γ`sdτp1` νℓ11,ℓ11pτq2q´s,
and by using the estimate dτ À p1` νℓ10ℓ10pτq2q
Q
4 (see (4.27)) we haveÿ
rτ sP pG:λrτsěλrξ1s´λrξs
sup
1ďℓ1ďdτ
dτ p1` νℓ10ℓ10pτq2q2γ`s
ÿ
1ďℓ11ďdτ
dτ p1` νℓ11ℓ11pτq2q´s
ď
ÿ
rτ sP pG:λrτsěλrξ1s´λrξs
sup
1ďℓ1ďdτ
p1` νℓ10ℓ10pτq2q2γ`s`
Q
4 sup
1ďℓ11ďdτ
dτ p1` νℓ11ℓ11pτq2q´s
À
ÿ
rτ sP pG:λrτsěλrξ1s´λrξs
p1` λrξ1s ´ λrξsq 1κ p2γ`s`
Q
4
q sup
1ďℓ11ďdτ
dτ p1` νℓ11ℓ11pτq2q´s
ď p1` λrξ1s ´ λrξsq 1κ p2γ`s`
Q
4
q
ÿ
rτ sP pG:
ÿ
1ďℓ11ďdτ
dτ p1` νℓ11ℓ11pτq2q´s
“ p1` λrξ1s ´ λrξsq 1κ p2γ`s`
Q
4
q}xM´spξq}2L2p pGq ă 8,
where we have used that }xM´spξq}L2p pGq ă 8 for s ą Q{2. Thus, we conclude
that
}p1` Lqγpfgq}2L2pGq À }g}2L2pGq}f}2L2pGqp1` λrξ1s ´ λrξsq
1
κ
p2γ`s`Q
4
q.
So, we finish the proof. 
Proof of Theorem 4.29. Let us fix 0 ă δ ď ρ ď 1{2κ, δ ‰ 1{2κ. Indeed, Theorem
4.29 for ρ “ 0 follows from Theorem 10.5.5 of [107]. We will give a additional
proof for the case 0 ď δ ă ρ ď 1 in Corollary 6.7. Let us choose η0 and η1,
supported in r´1, 1s and r1
2
, 2s respectively, with 0 ď η0, η1 ď 1, such that
@t ě 0,
8ÿ
ℓ“0
ηℓptq “ 1, where for all ℓ P N, ηℓptq :“ η1p2´ ℓn tq,
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For every ℓ P N0, let us denote σℓpx, ξq :“ σpx, ξqηℓpxξyq. Let us denote by kx and
kx,ℓ the right-convolutions kernels associated with A and Tσℓ “ Oppσℓq. From the
properties of the dyadic decomposition we have (see e.g. [61, page 30])
}A}2
BpL2pGqq
À sup
ℓPN0
}Tσℓ}2BpL2pGqq `
ÿ
ℓ‰ℓ1 ℓ,ℓ1P2N0
}T ˚σℓTσℓ1}BpL2pGqq `
ÿ
ℓ‰ℓ1 ℓ,ℓ1P2N0`1
}T ˚σℓTσℓ1 }BpL2pGqq
:“ I ` II ` III,
where I :“ supℓPN0 }Tσℓ}BpL2pGqq, and II :“
ř
ℓ‰ℓ1 ℓ,ℓ1P2N0
}T ˚σℓTσℓ1 }BpL2pGqq. In order
to prove that I ă 8, we will use that the exponential map14
exp : v Ă g » Rn Ñ BpeG, ε0q, (4.32)
is a local diffeomorphism from an open neighbourhood v of 0 P Rn, n “ dimpGq,
into an ball BpeG, ε0q containing the identity eG of G. The ball BpeG, ε0q is defined
by the geodesic distance on G and ε0 ą 0. By the compactness of G, there exists
a finite number of elements x0 “ eG, xi, 1 ď i ď N0, in G, and some smooth
functions χj P C8pG, r0, 1sq, supported in BpeG, ε0{2q, such that
G “
N0ď
j“1
Bpxj , ε0{4q, and
N0ÿ
j“0
χjpx´1j xq “ 1, x P G. (4.33)
For every 0 ă r ď 1, let us define the local dilation Dr : vÑ BpeG, ε0q given by
Drpxq ” r ¨ x :“ exppr exp´1pxqq.
Observe that,
}Tℓ}BpL2pGqq “ }Oppσℓpx, ξqq}BpL2pGqq ď
N0ÿ
j“0
}Oppσℓpx, ξqχjpx´1j xqq}BpL2pGqq
“
N0ÿ
j“0
}Oppσℓpxjx, ξqχjpxqq}BpL2pGqq,
with the possibly unbounded sequence in ℓ P N0 in the right-hand side of the
inequalities. The idea, is to show that this is not the case, and we will estimate
the operator norm }Oppσℓpxjx, ξqχjpxqq}BpL2pGqq. To simplify the notation, let us
write σj,ℓpx, ξq :“ σℓpxjx, ξqχjpxq. So, we have
sup
ℓPN0
}Tℓ}BpL2pGqq ď
N0ÿ
j“0
sup
ℓPN0
}Oppσj,ℓq}BpL2pGqq.
Because the family of symbols are compactly supported in both variables, x and
rξs, the fact that σ P S0,Lρ,δ pGˆ pGq, also implies that σj,ℓ P S0,Lρ,δ pGˆ pGq.
Let us define some dilations of every dyadic part σj,ℓ in the spirit of the classical
proof of the Caldero´n-Vaillancourt Theorem on Rn (see [20, 21]). The support of
14The exponential of X P g is given by exppXq “ γXp1q, where γX : R Ñ G, is the unique
one parameter subgroup of G whose tangent vector at the identity is equal to X.
SUBELLIPTIC GLOBAL OPERATORS 49
σj,ℓ is contained in the set of px, rξsq, such that xξy „ 2 ℓn and x P BpeG, ε0q, so we
can define the following dilation of σj,ℓ,
σ˜j,ℓpx, ξq :“ σj,ℓp2´
ρℓ
n ¨ x, ξq ˆ 1BpeG,ε0q.
Taking into account that σ˜j,ℓ, keep fixed the rξs-variables of the symbol σj,ℓ,
we deduce that σ˜j,ℓ satisfies the subelliptic conditions of type ρ. We claim that
σ˜j,ℓ P S0,Lρ,δ pGˆ pGq. So, we need to check that σ˜j,ℓ satisfies the subelliptic conditions
of type δ, for δ ď ρ. For this, observe that,
Bp1qXi σ˜j,ℓpx, ξq “ B
p1q
Xi
σj,ℓp2´ ρℓn ¨ x, ξq “ Bp1qXi σj,ℓpexpp2´
ρℓ
n exp´1 pxqq, ξq
“ pBp1qXi σj,ℓqpexpp2´
ρℓ
n exp´1 pxqq, ξq ¨ pBp1qXi expqp2´
ρℓ
n exp´1 pxqq
ˆ 2´ ρℓn pBp1qXi exp´1qpxq
“ 2´ ρℓn pBp1qXi σj,ℓqpexpp2´
ρℓ
n exp´1 pxqq, ξq ¨ pBp1qXi expqp2´
ρℓ
n exp´1 pxqq
ˆ pBp1qXi exp´1qpxq.
Now, from the fact that σj,ℓ P S0,Lρ,δ pGˆ pGq, we deduce
}xMpξq´δBp1qXi σ˜j,ℓpz2, ξq}op
ď 2´ ρℓn sup
z2,z1,zPG
|pBp1qXi expqpzqpB
p1q
Xi
exp´1qpz1q|}xMpξq´δpBp1qXi σj,ℓqpz2, ξq}op
À 2´ ρℓn }xMpξq´δpBp1qXi σj,ℓqpz2, ξq}op
À 2´ ρℓn }xMpξq´δpBp1qXi σqpz2, ξq}op.
A similar argument can help us to deduce the following estimate for higher deriva-
tives
sup
px,ξqPGˆ pG }
xMpξq´δ|β|BpβqXi σ˜j,ℓ}op À 2´ ρℓn |β| sup
px,ξqPGˆ pG }
xMpξq´δ|β|pBp1qXi σqpz2, ξq}op ă 8.
(4.34)
The symbol σj,ℓ and its convolution kernel kj,ℓ,x are supported in x in Bp0, ε0q,
and dilating the x-argument to x P BpeG, 2 ρℓn ε0q, implies the identity
pOppσj,ℓqfqp2´
ρℓ
n ¨ xq “ f ˚ k
j,ℓ,2´
ρℓ
n ¨x
“ f ˚ k˜j,ℓ,xp2´
ρℓ
n ¨ xq “ pOppσ˜j,ℓqfqp2´
ρℓ
n ¨ xq,
where we have denoted by k˜j,ℓ,x “ F´1σ˜j,ℓ the right-convolution kernel associated
with σ˜j,ℓ. From the usual Sobolev embedding theorem we have
|pOppσj,ℓqfqp2´
ρℓ
n ¨ xq| À
ÿ
|β|ďrn
2
s`1
}BpβqZ 1 pf ˚ k˜j,ℓ,z1qp2´
ρℓ
n ¨ xq}L2pG,dz1q,
and we deduce
}pOppσj,ℓqfqp2´
ρℓ
n ¨ xq}
L2pBpeG, 2
ρℓ
n ε0q,dxq
À
ÿ
|β|ďrn
2
s`1
}BpβqZ 1 pf ˚ k˜j,ℓ,z1qp2´
ρℓ
n ¨ xq}
L2pBpeG, 2
ρℓ
n ε0qˆG,dxdz1q
.
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By the change of variables, for the transformation x1 “ 2´ ρℓn ¨ x, we have
}pOppσj,ℓqfqp2´
ρℓ
n ¨ xq}
L2pBpeG, 2
ρℓ
n ε0q,dxq
“
¨˚
˚˝ ż
BpeG, 2
ρℓ
n ε0q
|pOppσj,ℓqfqp2´
ρℓ
n ¨ xq|2dx‹˛‹‚
1
2
“
¨˚
˝ ż
BpeG, ε0q
|pOppσj,ℓqfqpx1q|2
ˇˇˇˇ
det
ˆ Bx
Bx1
˙ˇˇˇˇ
dx1
‹˛‚
1
2
— 2 ρℓ2
¨˚
˝ ż
BpeG, ε0q
|pOppσj,ℓqfqpx1q|2dx1‹˛‚
1
2
.
A similar argument implies that
ÿ
|β|ďrn
2
s`1
}BpβqZ 1 pf ˚ k˜j,ℓ,z1qp2´
ρℓ
n ¨ xq}
L2pBpeG, 2
ρℓ
n ε0qˆG,dxdz1q
— 2 ρℓ2
ÿ
|β|ďrn
2
s`1
}BpβqZ 1 pf ˚ k˜j,ℓ,z1qpx1q}L2pBpeG, ε0q,dx1dz1q
and consequently we have proved that,
}pOppσj,ℓqfqpx1q}L2pBpeG, ε0q,dx1q À
ÿ
|β|ďrn
2
s`1
}BpβqZ 1 pf ˚ k˜j,ℓ,z1qpx1q}L2pBpeG,ε0qˆG,dx1dz1q.
Now, let us estimate the right-hand side of the previous inequality,
}BpβqZ 1 pf ˚ k˜j,ℓ,z1qpx1q}L2pBpeG, qˆG,dx1dz1q “ }f ˚ BpβqZ 1 k˜j,ℓ,z1px1q}L2pBpeG,ε0qˆG,dx1dz1q
ď sup
z1PG
}f ˚ BpβqZ 1 k˜j,ℓ,z1px1q}L2pBpeG,ε0qdx1q
“ sup
z1PG
}OppBpβqZ 1 σ˜j,ℓqfpx1q}L2pBpeG,ε0qdx1q
ď sup
z1PG
}OppBpβqZ 1 σ˜j,ℓq}BpL2pGqq}f}L2pGq.
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Observe that from (4.34), for |β| ě 1, we have
sup
z1PG
}OppBpβqZ 1 σ˜j,ℓq}BpL2pGqq “ sup
z1PG, xξy„2
ℓ
n
}BpβqZ 1 σ˜j,ℓpz1, ξq}op
“ sup
z2PG, xξy„2
ℓ
n
}xMpξqδ|β|xMpξq´δ|β|BpβqZ 1 σ˜j,ℓpz1, ξq}op
À sup
z2PG, xξy„2
ℓ
n
}xMpξqδ|β|}op2´ ρℓ|β|n }xMpξq´δ|β|pBpβqX σqpz2, ξq}op
“ sup
z2PG, xξy„2
ℓ
n
sup
1ďiďdξ
p1` νiipξq2q
δ|β|
2 2´
ρℓ|β|
n }xMpξq´δ|β|pBpβqX σqpz2, ξq}op
À sup
z2PG, xξy„2
ℓ
n
xξyδ|β|2´ ρℓ|β|n }xMpξq´δ|β|pBpβqX σqpz2, ξq}op
— sup
z2PG
2
δℓ|β|
n 2´
ρℓ|β|
n }xMpξq´δ|β|pBpβqX σqpz2, ξq}op
ď sup
z2PG
2pδℓ´ρℓq|β|{n}xMpξq´δ|β|pBpβqX σqpz2, ξq}op ă 8,
where we have used that δ´ρ ď 0. A similar argument applied for |β| “ 0, allows
us to deduce that
}pOppσj,ℓqfqpx1q}L2pBpeG, ε0q,dx1q À
ÿ
|β|ďrn
2
s`1
sup
pz2,rξsq
}xMpξq´δ|β|pBpβqX σqpz2, ξq}op ă 8.
So, we have proved that
I :“ sup
ℓPN
}Tℓ}BpL2pGqq ď sup
ℓPN
N0ÿ
j“1
}Oppσj,ℓq}BpL2pGqq ď
À
ÿ
|β|ďrn
2
s`1
sup
pz2,rξsq
}xMpξq´δ|β|pBpβqX σqpz2, ξq}op ă 8.
In order to finish the proof, we need to show that II and III are finite. To do
so, we will use the bilinear estimate in Lemma 4.30. Let kℓ be the convolution
kernel of Tℓ and let us denote by Kℓ,ℓ1, the integral kernel of T
˚
ℓ Tℓ1. From the
Schur Lemma, we can estimate
}T ˚ℓ Tℓ1}BpL2pGqq À sup
px,yqPGˆG
|Kℓ,ℓ1px, yq|.
Let us fix N P N, and let s0 ą Q4 . Note that
Kℓ,ℓ1px, yq “
ż
G
kℓ,zpx´1zqkℓ1,z1py´1z2qdz.
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So, from the subelliptic Sobolev embedding theorem (see Remark 4.25), and the
continuous inclusion HspGq Ă Hs,LpGq for s ě 0, we have,
|Kℓ,ℓ1px, yq|
“
ˇˇˇˇ
ˇˇż
G
p1` LqNz1“zp1` Lq´Nz2“zrkℓ,z1px´1z2qkℓ1,z1py´1z2qsdz
ˇˇˇˇ
ˇˇ
ď
ż
G
sup
z1PG
ˇˇp1` LqNz1“zp1` Lq´Nz2“zrkℓ,z1px´1z2qkℓ1,z1py´1z2qsˇˇ dz2
À
ż
G
}p1` LqN`s0z1“z p1` Lq´Nz2“zrkℓ,z1px´1z2qkℓ1,z1py´1z2qs}L2pG,dz1qdz2
ď
¨˝ż
G
}p1` LqN`s0z1“z p1` Lq´Nz2“zrkℓ,z1px´1z2qkℓ1,z1py´1z2qs}2L2pG,dz1qdz2‚˛
1
2
“
¨˝ż
G
}p1` Lq´Nz2“zrkℓ,z1px´1z2qkℓ1,z1py´1z2qs}2H2N`2s0,LpG,dz1qdz2‚˛
1
2
À
¨˝ż
G
}p1` Lq´Nz2“zrkℓ,z1px´1z2qkℓ1,z1py´1z2qs}2H2N`2s0 pG,dz1qdz2‚˛
1
2
.
Taking into account the following equivalence of norms
}p1` Lq´Nz2“zrkℓ,z1px´1z2qkℓ1,z1py´1z2qs}2H2N`2s0 pG,dz1q
—
ÿ
|α1|`|α2|ď2pN`s0q
}p1` Lq´Nz2“zrBpα1qZ1 kℓ,z1px´1z2qB
pα2q
Z1
kℓ1,z1py´1z2qs}2L2pG,dz1q,
from Lemma 4.30, and by using that kℓ1,z1 P Hλrξ1spGq, kℓ,z1 P HλrξspGq, (see
Lemma 4.30 for this notation) with λrξ1s „ 2 ℓ
1
n and λrξs „ 2 ℓn , we estimate for
s ą Q{2,
}p1` Lq´Nz2“zrBpα1qZ1 kℓ,z1px´1z2qB
pα2q
Z1
kℓ1,z1py´1z2qs}L2pG,dz1q
À p1` |2 ℓn ´ 2 ℓ
1
n |q 1κ p´N` s2`Q4 q}Bpα2qZ1 kℓ1,z1py´1z2q}L2pGq}B
pα1q
Z1
kℓ,z1px´1z2q}L2pGq
À 2´pmaxpℓ,ℓ1q 1n ¨ 1κ pN´ s2´Q4 q}Bpα2qZ1 kℓ1,z1py´1z2q}L2pGq}B
pα1q
Z1
kℓ,z1px´1z2q}L2pGq
À 2´ 1κ pmaxpℓ,ℓ1q 1n pN´ s2´Q4 q}Bpα2qZ1 kℓ1,z1py´1z2q}L2pGq}B
pα1q
Z1
kℓ,z1px´1z2q}L2pGq.
From (4.28), for s ą Q{2 we have
}Bpα1qZ1 kℓ,z1px´1z2q}L2pGq Às sup
rξsP pG }
xMpξqsBpα1qZ1 σℓpz1, ξq}op
— sup
xξy„2
ℓ
n
}xMpξqsBpα1qZ1 σℓpz1, ξq}op.
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Because
}xMpξqsBpα1qZ1 σℓpz1, ξq}op “ }xMpξqs`δ|α1|xMpξq´δ|α1|Bpα1qZ1 σℓpz1, ξq}op
ď }xMpξqs`δ|α1|}op}xMpξq´δ|α1|Bpα1qZ1 σℓpz1, ξq}op
“ }xMpξqs`δ|α1|}op}xMpξq´δ|α1|Bpα1qZ1 σpz1, ξqη1p2´ ℓn xξyq}op
À sup
xξy„2
ℓ
n
}xMpξqs`δ|α1|}op}xMpξq´δ|α1|Bpα1qZ1 σpz1, ξq}op
“ sup
xξy„2
ℓ
n
sup
1ďjďdξ
p1` νjjpξq2q
s`δ|α1|
2 }op}xMpξq´δ|α1|Bpα1qZ1 σpz1, ξq}op
À sup
xξy„2
ℓ
n
xξys`δ|α1|}op}xMpξq´δ|α1|Bpα1qZ1 σpz1, ξq}op,
we have
}Bpα1qZ1 kℓ,z1px´1z2q}L2pGq Às sup
xξy„2
ℓ
n
xξys`δ|α1|}op}xMpξq´δ|α1|Bpα1qZ1 σpz1, ξq}op
— 2ℓps`δ|α1|q{n sup
rξsP pG }
xMpξq´δ|α1|Bpα1qZ1 σpz1, ξq}op ă 8.
Thus, we have obtained that
}Bpα1qZ1 kℓ,z1px´1z2q}L2pGq À 2ℓps`δ|α1|q{n.
In a similar way we can prove
}Bpα2qZ1 kℓ1,z1py´1z2q}L2pGq À 2ℓps`δ|α2|q{n.
Thus, the condition |α1| ` |α2| ď 2pN ` s0q implies
}Bpα1qZ1 kℓ,z1px´1z2q}L2pGq}B
pα2q
Z1
kℓ1,z1py´1z2q}L2pGq À 2maxpℓ,ℓ
1qps`δp2N`2s0qq{n.
Now, we have the estimate
}p1` Lq´Nz2“zrBpα1qZ1 kℓ,z1px´1z2qB
pα2q
Z1
kℓ1,z1py´1z2qs}L2pG,dz1q
À 2´ 1κ maxpℓ,ℓ1q¨ 1n ¨pN´ s2´Q8 q ˆ 2maxpℓ,ℓ1qps`δp2N`2s0qq{n
“ 2´ 1nκ pmaxpℓ,ℓ1qqpN´ s2´Q8 ´sκ´2Nδκ´2s0δκq
“ 2´ 1nκ pmaxpℓ,ℓ1qqpNp1´2δκq´spκ` 12 q´Q8 ´2δκs0q.
Thus, we have proved
|Kℓ,ℓ1px, yq| À 2´ 1κ pmaxpℓ,ℓ1qqpNp1´2δκq´spκ` 12 q´
Q
8
´2δκs0q.
This shows that II, III ă 8, for Np1´ 2δκq ´ spκ` 1
2
q ´ Q
8
´ 2δκs0 ą 0. So, we
only need to choose
N ą spκ`
1
2
q ` Q
8
` 2δκs0
1´ 2δκ ,
where we have used that δ ă 1{2κ. Thus, the proof is complete, with the remain-
ing case of 0 ď δ ă ρ ď 1 proved in Corollary 6.16. 
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4.4. The formal adjoint of subelliptic operators. In Theorems 4.31 and
4.33 we will show that the subelliptic classes introduced before are closed under
compositions and adjoints. If A : C8pGq Ñ C8pGq is a continuous operator, its
formal adjoint is the operator A˚, defined by
pAf, gqL2pGq “ pf, A˚gqL2pGq, f, g P C8pGq.
Next, we study the formal adjoint of subelliptic pseudo-differential operators.
Theorem 4.31. Let 0 ď δ ă ρ ď 1. If A : C8pGq Ñ C8pGq is a continuous
operator, A P OppSm,Lρ,δ pGˆ pGqq, then A˚ P OppSm,Lρ,δ pGˆ pGqq. The symbol of A˚,xA˚px, ξq satisfies the asymptotic expansion,
xA˚px, ξq „ 8ÿ
|α|“0
∆q˜αBpαqX p pApx, ξq˚q. (4.35)
This means that, for every N P N, and all ℓ P N,
∆αℓξ BpβqX
¨˝xA˚px, ξq ´ ÿ
|α|ďN
∆αξ BpαqX p pApx, ξq˚q‚˛P Sm´pρ´δqpN`1q´ρℓ`δ|β|,Lρ,δ pGˆ pGq,
where |αℓ| “ ℓ.
Proof. We note that the formula (4.35) was established in [107, Theorem 10.7.8]
so that we only need to prove the remainder estimate. By following [107, p. 569],
the right kernel of A˚, k˚p¨qp¨q, satisfies the identity,
k˚xpvq “ kxv´1pv´1q, x, v P G,
where kp¨qp¨q is the right-kernel associated to A. Let us prove that for any multi-
index β, β0, α0 P N0, there exists N0 P N0 such that for any integer N ą N0, we
have the estimate
sup
xPG
}BpβqY Bpβ0qX pqα0pyqqpk˚xpyq ´
ÿ
|α|ăN
qαpyqBpαqX k˚xpyqq}L1pGq ď C}σ}ℓ1,Sm,L
ρ,δ
, (4.36)
for ℓ1 large enough. Later, we will conclude the proof using this estimate. In the
notation of Lemma 4.2, we have
R
k˚p¨qpyq
x,N py´1q “ k˚xpyq ´
ÿ
|α|ăN
qαpyqBpαqX k˚xpyq,
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where qα :“ qα1p1q ¨ ¨ ¨ qαnpnq. By using the remainder estimates in Lemma 4.2 and the
Leibniz rule, we have
|BpβqY Bpβ0qX pqα0pyqqpk˚xpyq ´
ÿ
|α|ăN
qαpyqBpαqX k˚xpyqq|
“ |BpβqY pR
B
pβ0q
X pq
α0 pyqk˚
p¨q
pyqq
x,N py´1qq|
À
ÿ
|β1|`|β2|“β
|Bpβ2qY R
B
pβ0q
X B
pβ1q
Y pq
α0 pyqk˚
p¨q
pyqq
x,N py´1qq|
À
ÿ
|β1|`|β2|“β
|y|pN´|β2|q` max
|α|ďN
}BpαqX Bpβ0qX Bpβ1qY pqα0pyqk˚p¨qpyqq}L8pGq,
where we have used the notation prq` :“ maxtr, 0u. Now, by using the kernel
estimates in Proposition 4.23, and the fact that Bpα`β0qX Bpβ1qY pqα0pyqk˚p¨qpyqq is the
right-convolution kernel of some symbol σ with subellitic order equal to m `
δp|β0| ` |α|q ` |β1| ´ ρ|α0|, we have that there exists ℓ1 P N, such that
(i) if s ą 0,
}Bpα`β0qX Bpβ1qY pqα0pyqk˚p¨qpyqq}L8pGq Àm }σ}ℓ,Sm,L
ρ,δ
|y|´ sρ .
(ii) If s “ 0,
}Bpα`β0qX Bpβ1qY pqα0pyqk˚p¨qpyqq}L8pGq Àm }σ}ℓ,Sm,Lρ,δ | log |y||.
(iii) If s ă 0,
}Bpα`β0qX Bpβ1qY pqα0pyqk˚p¨qpyqq}L8pGq Àm }σ}ℓ,Sm,L
ρ,δ
.
with s “ Q `m` δp|β0| `Nq ` |β1| ´ ρ|α0|. Observe that
s “ Q `m` δp|β0| ` |α|q ` |β1| ´ ρ|α0|
“ Q `m` δp|β0| ` |α|q ` |β1| ´ ρ|α0| ´ ρ|α| ` ρ|α|
“ Q `m` δ|β0| ` pδ ´ ρq|α| ` |β1| ´ ρ|α0| ` ρ|α| “: s1 ` pδ ´ ρq|α|.
Consequently,ż
G
}Bpα`β0qX Bpβ1qY pqα0pyqk˚p¨qpyqq}L8pGqdy Àm }σ}ℓ,Sm,L
ρ,δ
ż
G
|y|´ sρ |y|pN´|β2|q`dy
À }σ}
ℓ,S
m,L
ρ,δ
ż
G
|y|´ s
1`pδ´ρq|α|
ρ dy ă 8,
provided that s1 ă nρ ` pρ ´ δq|α|. To assure this condition, observe that nρ `
pρ´ δq|α| ď nρ` pρ´ δqN, so we only need to choose N0 P N0 such that
N ě N0 ą s
1 ´ nρ
ρ´ δ ,
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where we have used that δ ă ρ. So, we conclude the proof of the estimate (4.36).
Now, in order to conclude the proof of Theorem 4.31, let us definepANpx, ξq :“ xA˚px, ξq ´ ÿ
|α|ďN
∆αξ BpαqX p pApx, ξq˚q. (4.37)
We need to prove that ∆α0ξ BpβqX pAN px, ξq P Sm´pρ´δqpN`1q´ρ|α0 |`δ|β|,Lρ,δ pG ˆ pGq. Set
m1 :“ m ´ pρ ´ δqpN ` 1q ´ ρ|α0| ` δ|β|. Observe that for any M 1 ą m1, with
M 1 ” 0 mod p2q, we have
}∆α0ξ BpβqX pANpx, ξqxMpξq´m1}op “ }∆α0ξ BpβqX pANpx, ξqxMpξqM 1 xMpξqm1´M 1}op
À }∆α0ξ BpβqX pAN px, ξqxMpξqM 1}op
À }p1` LyqM
1
2 R
B
pβq
X
pqα0 pyqk˚
p¨q
pyqq
x,N`1 py´1qq}L1pGyq
À
ÿ
1ďi1ďi2ď¨¨¨ďikďk ,|α|ďM 1
}Xα1i1,y ¨ ¨ ¨Xαkik,yR
B
pβq
X pq
α0 pyqk˚
p¨q
pyqq
x,N`1 py´1qq}L1pGyq.
By Lemma 4.2, and using thatXD “ tX1,D, ¨ ¨ ¨ , Xn,Du is a basis of the Lie algebra
g, we can express every vector field Xij ,y as a linear combination of elements in
XD, so that we can estimate
}∆α0ξ BpβqX pANpx, ξqxMpξq´m1}op À ÿ
|α|ďM 1
}BpαqY R
B
pβq
X pq
α0 pyqk˚
p¨q
pyqq
x,N`1 py´1qq}L1pGyq
ď C}σ}
ℓ1,S
m,L
ρ,δ
,
for ℓ1 large enough, where in the last line we have used (4.36). The proof is
complete. 
Corollary 4.32. Let 0 ď δ ă ρ ď κ. If A : C8pGq Ñ C8pGq is a continuous op-
erator, A P OppS m,Lρ,δ pGqq, then A˚ P OppS m,Lρ,δ pGqq. The symbol of A˚, xA˚px, ξq
satisfies the asymptotic expansion,
xA˚px, ξq „ 8ÿ
|α|“0
∆q˜αBpαqX p pApx, ξq˚q.
This means that, for every N P N, and all ℓ P N,
∆αℓξ BpβqX
¨˝xA˚px, ξq ´ ÿ
|α|ďN
∆αξ BpαqX p pApx, ξq˚q‚˛P S m´pρ´δqpN`1q´ρℓ`δ|β|,Lρ,δ pGq,
where |αℓ| “ ℓ.
4.5. Composition of subelliptic pseudo-differential operators. Next we
prove the stability of the pρ, δq-classes subelliptic classes by taking compositions.
Theorem 4.33. Let 0 ď δ ă ρ ď 1. If Ai P OppSmi,Lρ,δ pG ˆ pGqq, Ai : C8pGq Ñ
C8pGq, i “ 1, 2, then the composition operator A :“ A1 ˝ A2 : C8pGq Ñ C8pGq
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belongs to the subelliptic class OppSm1`m2,Lρ,δ pG ˆ pGqq. The symbol of A, pApx, ξq,
satisfies the asymptotic expansion,
pApx, ξq „ 8ÿ
|α|“0
p∆αξ pA1px, ξqqpBpαqX pA2px, ξqq, (4.38)
this means that, for every N P N, and all ℓ P N,
∆αℓξ BpβqX
¨˝ pApx, ξq ´ ÿ
|α|ďN
p∆q˜α pA1px, ξqqpBpαqX pA2px, ξqq‚˛
P Sm1`m2´pρ´δqpN`1q´ρℓ`δ|β|,Lρ,δ pGˆ pGq,
for every αℓ P Nn0 with |αℓ| “ ℓ.
Proof. As in Theorem 10.7.8 in [107, p. 569] we have the formula 4.38, so we only
need to prove the remainder estimate. If KA P C8pGqpbπD 1pGq is the Schwartz
kernel of A, we denote by kxpyq :“ KApx, xy´1q and kx,i the right-convolution
kernels of A and Ai. Therefore,pApx, ξq “ ż
G
kxpyqξpyq˚dy
“
ż
G
ż
G
kx,1px, z´1q˚ξpz´1q˚kx,2pxz, yzqξpyzq˚dzdy,
where we have used the identity
Afpxq “
ż
G
A2fpxzqkxpz´1qdz “
ż
G
fpxy´1q
ż
G
kxz,2pyzqkx,1pz´1qdzloooooooooooomoooooooooooon
:“kxpyq
dy.
So, we have
kxpyq :“
ż
G
kxz´1,2pyz´1qkx,1pzqdz.
Observe that,
kxpyq ´
ÿ
|α|ăN
pBpαqX kx,2q ˚ pqαkx,1qpyq
“
ż
G
pk2,xz´1pyz´1q ´
ÿ
|α|ăN
qαpzqBpαqZ k2,xpz´1qqk1,xpzqdz
“
ż
G
R
k¨,2pyz´1q
x,N pz´1qk1,xpzqdz.
So, by applying the group Fourier transform we obtainpApx, ξq ´ ÿ
|α|ăN
∆αξ
pA1px, ξqpBpαqX pA2px, ξqq “ ż
G
kx,1pzqξpzq˚R pA2p¨,ξqx,N pz´1qdz,
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where we have denoted R
pA2p¨,ξq
x,N “ rR
pA2p¨,ξqij
x,N sdξi,j“1. Now, the central part in the
proof is to show that there exists N0 P N such that the following estimate
}Bpβ0qX ∆α0ξ r
ż
G
kx,1pzqξpzq˚R pA2p¨,ξqx,N pz´1qdzsxMpξqb1}op ď C} pA1}ℓ1,Sm1,L} pA2}ℓ1,Sm2,L ,
(4.39)
holds true for all N ě N0 and all b1 ą 0. Indeed, if we assume (4.39), by defining
pANpx, ξq :“ pApx, ξq ´ ÿ
|α|ăN
∆αξ
pA1px, ξqpBpαqX pA2px, ξqq, (4.40)
and taking b1 “ ´m1´m2` pρ´ δqN ` ρ|α0| ´ δ|β0| ě ´m1´m2` pρ´ δqN0`
ρ|α0| ´ δ|β0|, the condition ρ ą δ and the choice of N0 large enough implies that
b1 ą 0, and from (4.39) the statement of Theorem 4.33 follows. So, let us fix
b P N, with b ” 0 mod p2q. By using the Leibniz rule we can write
Bpβ0qX ∆α0ξ r
ż
G
kx,1pzqξpzq˚R pA2p¨,ξqx,N pz´1qdzs
“
ÿ
|α0|ď|α1|`|α2|ď2|α0|
|β0,1|`|β0,2|“|β0|
ż
G
Bpβ0,1qX qα1pzqkx,1pzqξpzq˚R
∆
α2
ξ
B
pβ0,2q
X
pA2p¨,ξq
x,N pz´1qdz,
and from the identity ξpzq˚ “ xM´bpξqp1 ` Lzq b2 ξpzq˚, by writing I “ tαi, β0,i :
α1| ` |α2| ď 2|α0|, |β0,1| ` |β0,2|, i “ 1, 2u, we can estimate
}Bpβ0qX ∆α0ξ r
ż
G
kx,1pzqξpzq˚R pA2p¨,ξqx,N pz´1qdzsxMpξqb1}op
À
ÿ
I
}
ż
G
Bpβ0,1qX qα1pzqkx,1pzqxMpξq´bp1` Lzq b2 ξpzq˚R∆α2ξ Bpβ0,2qX pA2p¨,ξqx,N pz´1qdzxMpξqb1}op
“
ÿ
I
}xMpξq´b ż
G
Bpβ0,1qX qα1pzqkx,1pzqp1 ` Lzq
b
2 ξpzq˚R∆
α2
ξ
B
pβ0,2q
X
pA2p¨,ξq
x,N pz´1qdzxMpξqb1}op
À
ÿ
I
}xMpξqb1´b ż
G
Bpβ0,1qX qα1pzqkx,1pzqp1` Lzq
b
2 ξpzq˚R∆
α2
ξ
B
pβ0,2q
X
pA2p¨,ξq
x,N pz´1qdz}op.
From the equalityż
G
Bpβ0,1qX qα1pzqkx,1pzqp1 ` Lzq
b
2 ξpzq˚R∆
α2
ξ
B
pβ0,2q
X
pA2p¨,ξq
x,N pz´1qdz
“
ż
G
rp1` Lzq b2 ξpzq˚sBpβ0,1qX qα1pzqkx,1pzqR
∆
α2
ξ
B
pβ0,2q
X
pA2p¨,ξq
x,N pz´1qdz,
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we have
}xMpξqb1´b ż
G
Bpβ0,1qX qα1pzqkx,1pzqp1 ` Lzq
b
2 ξpzq˚R∆
α2
ξ
B
pβ0,2q
X
pA2p¨,ξq
x,N pz´1qdz}op
“ }xMpξqb1´b ż
G
ξpzq˚p1` Lzq b2 rBpβ0,1qX qα1pzqkx,1pzqR
∆
α2
ξ
B
pβ0,2q
X
pA2p¨,ξq
x,N pz´1qsdz}op
ď
ż
G
}xMpξqb1´bp1` Lzq b2 rBpβ0,1qX qα1pzqkx,1pzqR∆α2ξ Bpβ0,2qX pA2p¨,ξqx,N pz´1qs}opdz
À
ÿ
J ,|β1|`|β2|ďb
ż
G
}xMpξqb1´bXβ1z,JrBpβ0,1qX qα1pzqkx,1pzqsXβ2z1“z´1,JR∆α2ξ Bpβ0,2qX pA2p¨,ξqx,N s}opdz,
where J “ tpi1, i2, ¨ ¨ ¨ , ikq : 1 ď i1 ď i2 ď ¨ ¨ ¨ ď ik ď ku. By Lemma 4.2, and
using that XD “ tX1,D, ¨ ¨ ¨ , Xn,Du is a basis of the Lie algebra g, as in the proof
of the asymptotic expansion for the adjoint, we can express every vector field Xij
as a linear combination of elements in XD. So, we haveÿ
J ,|β1|`|β2|ďb
ż
G
}xMpξqb1´bXβ1z,JrBpβ0,1qX qα1pzqkx,1pzqsXβ2z1“z´1,JR∆α2ξ Bpβ0,2qX pA2p¨,ξqx,N s}opdz
À
ÿ
|β1|`|β2|ďb
ż
G
}xMpξqb1´bBpβ1qZ rBpβ0,1qX qα1pzqkx,1pzqsBpβ2qZ rR∆α2ξ Bpβ0,2qX pA2p¨,ξqx,N s|z´1}opdz.
Observe that from Lemma 4.2 we have
}xMpξqb1´bBpβ2qZ rR∆α2ξ Bpβ0,2qX pA2p¨,ξqx,N s|z´1}op
À |z|pN´|β2|q` sup
xPG, |β2|ďN
}xMpξqb1´bBpβ2qX ∆α2ξ Bpβ0,2qX pA2px, ξq}
À |z|pN´|β2|q`}xMpξqb1´b`m2`δpN`|β0,2|q´ρ|α2| pA2}N`|β0,2|`|α|, Sm2,Lρ,δ .
By Proposition 4.23 applied to σ “ Bpβ1qZ rBpβ0,1qX qα1pzqkx,1pzqs, there exists ℓ1 P N,
such that
(i) if s ą 0,
|Bpβ1qZ rBpβ0,1qX qα1pzqkx,1pzqs| Àm1 } pA2}ℓ1,Sm1,L
ρ,δ
|z|´ sρ .
(ii) If s “ 0,
|Bpβ1qZ rBpβ0,1qX qα1pzqkx,1pzqs| Àm1 } pA2}ℓ1,Sm1,L
ρ,δ
| log |z||.
(iii) If s ă 0,
|Bpβ1qZ rBpβ0,1qX qα1pzqkx,1pzqs| Àm1 } pA2}ℓ1,Sm1,L
ρ,δ
.
where s “ Q`m1 ` δ|β0,1| ` |β1| ´ ρ|α1|. First, let us assume that
b ą maxtb1 `m2 ` δpN ` |β0,2| ´ ρ|α2|qu.
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This choice of b implies that }xMpξqb1´b`m2`δpN`|β0,2|q´ρ|α2|}op ď 1. In particular,
b ą b1 `m2 ` δpN ` |β0|q ´ ρ|α0|.
Finally, a similar analysis as in the final part of the proof of Theorem 4.31, and
the hypothesis δ ă ρ, can be used to guarantee the existence of N0 such that
for any N ě N0 the integral
ş
G
Ispzqdz converges, where Ispzq :“ |z|pN´|β2|q`´
s
ρ if
s ą 0, and Ispzq :“ |z|pN´|β2|q` if s ă 0. Thus, we end the proof. 
Corollary 4.34. Let 0 ď δ ă ρ ď κ. If Ai P OppS mi,Lρ,δ pGqq, Ai : C8pGq Ñ
C8pGq, i “ 1, 2, then the composition operator A :“ A1 ˝ A2 : C8pGq Ñ C8pGq
belongs to the subelliptic class OppS m1`m2,Lρ,δ pGqq. The symbol of A, pApx, ξq, sat-
isfies the asymptotic expansion,
pApx, ξq „ 8ÿ
|α|“0
p∆αξ pA1px, ξqqpBpαqX pA2px, ξqq,
this means that, for every N P N, and all ℓ P N,
∆αℓξ BpβqX
¨˝ pApx, ξq ´ ÿ
|α|ďN
p∆q˜α pA1px, ξqqpBpαqX pA2px, ξqq‚˛
P S m1`m2´pρ´δqpN`1q´ρℓ`δ|β|,Lρ,δ pGq,
for every αℓ P Nn0 with |αℓ| “ ℓ.
Remark 4.35. Now, we return to the last part of Example 4.6 where we claimed
that Ms P OppS sκ,L1,0 pGqq, for all s ą 0. For 1 ď s ă 8, if N0 P N satisfies
1 ď s ă N0, then, from Example 4.6, p1`Lq
s
2N0 P OppS
sκ
N0
,L
1,0 pGqq. From Theorem
4.33, we deduce that
Ms “ p1` Lq
s
2N0 ¨ ¨ ¨ p1` Lq s2N0looooooooooooooomooooooooooooooon
N0´times
P OppS
N0´timeshkkkkkkkkikkkkkkkkj
sκ
N0
` ¨ ¨ ¨ ` sκ
N0
,L
1,0 pGqq.
Thus, Ms P OppS sκ,L1,0 pGqq “ OppSs,L1
κ
,0
pGˆ pGqq.
5. Weak (1,1) type and Lp-boundedness of subelliptic operators
with non-smooth symbols
In this section we extend the results in [112] for the Laplacian, to the subelliptic
setting. For our further analysis we will apply the following lemma (see Persson
[99]):
Lemma 5.1. Let us assume that Ω is a locally compact topological space and µ a
positive measure on Ω. If A extends to a bounded operator on LrpΩ, µq and to a
compact operator on LqpΩ, µq, then A extends to a compact operator on LppΩ, µq
for all p between q and r, (i.e such that 1{p “ θ{q`p1´ θq{r for some θ P p0, 1q).
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For 0 ă p ă 8, the subelliptic Lp-Sobolev space of order s P R, is defined by
the family of distribution f P D 1pGq such that
}f}
L
p,L
s pGq
:“ }Msf}LppGq ă 8.
We will develop an Lp-multiplier theorem for invariant operators in the dilated
subelliptic classes with a limited number of regularity conditions. In particular,
we will impose conditions of the type
sup
px,rξsqPGˆ pG }pB
pβq
X ∆
α
ξ apx, ξqqxMpξq 1κ pρ|α|´δ|β|`κpκ´ρqq}op ă 8,
which from Theorem 4.13, is equivalent to the following ones
‚
sup
px,rξsqPGˆ pG }
xMpξq 1κ pρ|α|´δ|β|`κpκ´ρqqBpβqX ∆αξ apx, ξq}op ă 8.
‚ For all r P R,
sup
px,rξsqPGˆ pG }
xMpξq 1κ pρ|α|´δ|β|`κpκ´ρq´rqBpβqX ∆αξ apx, ξqxMpξq rκ }op ă 8.
‚ There exists r0 P R, such that
sup
px,rξsqPGˆ pG }
xMpξq 1κ pρ|α|´δ|β|`κpκ´ρq´r0qBpβqX ∆αξ apx, ξqxMpξq r0κ }op ă 8.
The next theorem will be proved using the difference operators Dαξ in Remark
3.2.
Theorem 5.2. Let us assume that G is a compact Lie group of dimension n “ 2d
or n “ 2d` 1, and that d is odd. Let a P Σp pGq be a symbol satisfying
}Dαξ apξqxMpξq ρ|α|`κpκ´ρqκ }op ď Cα, |α| ď κ :“ d` 1.
Then A “ Oppaq extends to an operator of weak type p1, 1q. Moreover, if the
dimension of the group is dimpGq “ 2d or dimpGq “ 2d ` 1, and d is even, the
conclusion on A is the same provided that
}Dαξ apξqxMpξq ρ|α|`κpκ´ρqκ }op ď Cα, |α| ď κ :“ d` 2.
In both cases, if ρ “ κ, A extends to a bounded operator on LppGq, while for
0 ď ρ ă κ, A extends to a compact bounded operator on LppGq for all 1 ă p ă 8.
Proof. Let us consider the difference operator associated to qmpxq :“ ρpxq2m,
∆qm P diff2mp pGq, where κ :“ 2m P N, and ρpxq is as in (3.7). Let us define ε ą 0
by the equality
np1` εq “ 4m “ 2κ.
The main step of the proof is to observe that the condition (3.6), is equivalent to
showing that
}∆qmpapξqxψrq}ℓ2p pGq À r ε2 “ r 2mn ´ 12 , (5.1)
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where we have used that ε “ 4m
n
´ 1. The Leibniz rule applied for every rξs P pG,
gives
∆qmpapξqxψrpξqq “ ∆qmpapξqqxψrpξq`apξq∆qmpxψrpξqq`m´1ÿ
ℓ“1
ÿ
j
pQℓ,japξqqpQ˜ℓ,jxψrpξqq,
for some differences operators Qℓ,j P diffℓp pGq and Q˜ℓ,j P diff2m´ℓp pGq. Because for
every ν ě 0, we have
∆qmpapξqxψrpξqq “ ∆qmpapξqqxMpξq2mρ`ν xMpξq´2mρ´νxψrpξq
` apξqxMpξqν xMpξq´ν∆qmpxψrpξqq ` 2m´1ÿ
ℓ“1
ÿ
j
pQℓ,japξqqxMpξqρℓ`ν xMpξq´ρℓ´νpQ˜ℓ,jxψrpξqq,
taking the norm inequalities with ν :“ κpκ ´ ρq, we have
}∆qmpapξqxψrpξqq}HS ď }∆qmpapξqqxMpξq2mρ`ν}op}xMpξq´2mρ´νxψrpξq}HS
` }apξqxMpξqν}op}xMpξq´ν∆qmpxψrpξqq}HS
`
2m´1ÿ
ℓ“1
ÿ
j
}pQℓ,japξqqxMpξqρℓ`ν}op}xMpξq´ρℓ´νpQ˜ℓ,jxψrpξqq}HS
“ }∆qmpapξqqxMpξq2mρ`ν}op}xMpξq´2mρ´νxψrpξq}HS
`
2m´1ÿ
ℓ“0
ÿ
j
}pQℓ,japξqqxMpξqρℓ`ν}op}xMpξq´ρℓ´νpQ˜ℓ,jxψrpξqq}HS
À }xMpξq´2mρ´νxψrpξq}HS ` 2m´1ÿ
ℓ“0
ÿ
j
}IIℓ,jpξq}HS,
“
2mÿ
ℓ“0
ÿ
j
}IIℓ,jpξq}HS
where IIℓ,jpξq “ xMpξq´ρℓ´νpQ˜ℓ,jxψrpξqq, and II2m,jpξq “ xMpξq´2mρ´νxψrpξq, with
j “ 0 being the unique possible index for ℓ “ 0, 2m. Now, we study the terms
IIℓ,jpξq. Let q˜2m´ℓ,j be the associated function to the difference operator Q˜ℓ,j
vanishing with order 2m´ ℓ at eG. Then,
}q˜2m´ℓ,jψr}H´ρℓ´ν,LpGq “
¨˝ ÿ
rξsP pG
dξ}xMpξq´ρℓ´νpQ˜ℓ,jxψrpξqq}2HS‚˛
1
2
.
Let us fix ν “ κpκ´ρq. By the embedding H´ sκ pGq ãÑ H´s,LpGq, (see Proposition
3.1 of [71]), we have the following inequality,
}q˜2m´ℓ,jψr}H´ρℓ´ν,L À }q˜2m´ℓ,jψr}
H´
ρℓ`ν
κ
À r 2m´ℓ`
ρℓ`ν
κ
n
´ 1
2
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where we have used Lemma 3.6, with ℓ˜ “ 2m´ ℓ and s “ ρℓ`ν
κ
, with 0 ď ρℓ`ν
κ
ď
1 ` n
2
. Indeed, note that ρℓ`ν
κ
ď ρκ`ν
κ
, and the condition 0 ď ρκ`ν
κ
ď 1 ` n
2
,
is equivalent to prove that: κ ď 1 ` n
2
, which holds true for dimpGq “ 2d or
dimpGq “ 2d ` 1, with d odd. For 0 ă r ă 1, and 1
2
εℓ :“ 2m´ℓ`
ρℓ`ν
κ
n
´ 1
2
, the
condition ν “ κpκ ´ ρq assures that 1
2
ε ď 1
2
εℓ, and consequently, r
1
2
εℓ ď r 12ε.
Hence, we conclude that
2m´1ÿ
ℓ“0
ÿ
j
}IIℓ,j}ℓ2p pGq “
2m´1ÿ
ℓ“0
ÿ
j
}q˜2m´ℓ,jψr}
H´
ℓ
κ ,L
À r ε2 . (5.2)
Now, if r ě 1, we observe that
}q˜2m´ℓ,jψr}
H´
ℓ
κ ,L
À }q˜2m´ℓ,jψr}
H
´ ℓ
κ2
À }q˜2m´ℓ,jψr}L2pGq
ď }q˜2m´ℓ,j}L8pGq}ψr}L2pGq.
Because
}ψr}L2pGq “ }φr ´ φ r
2
}L2pGq ď }φr}L2pGq ` }φ r
2
}L2pGq
À r´1{2 ` pr
2
q´1 ď 3r´ 12 ,
(for instance, see [41, p. 140] or Lemma 3.3 of [112, p. 629]), the condition r ě 1,
implies
}q˜2m´ℓ,jψr}
H´
ℓ
κ ,L
À 3r´ 12 }q˜2m´ℓ,j}L8pGq À }q˜2m´ℓ,j}L8pGq À r ε2 ,
which proves (5.1) for r ě 1. Now, we end the proof of the weak (1,1) inequality
by observing (according to the proof of Theorem 2.1 of [112]) that the difference
operator ∆qm is a linear combination of operators of the form D
γ
ξ , with |γ| “ 2m :“
κ. The proof of the weak (1,1) inequality for dimpGq “ 2d or dimpGq “ 2d` 1,
d even, can be analysed in a similar way. Let us observe that in view of Lemma
4.7 we have the estimate
}apξq}op À p1` νiipξq2q´
κpκ´ρq
2κ ,
for some 1 ď i ď dξ. So, if ρ “ κ, A extends to a bounded operator on L2pGq,
while for 0 ď ρ ă κ, we deduce that A extends to a compact operator on L2pGq15.
If ρ “ κ, in view of the Marcinkiewicz interpolation theorem and the duality
argument we have that A extends to a bounded operator on LppGq. However,
for 0 ď ρ ă κ, the compactness of A on L2pGq, the weak (1,1) type of A, the
Marcinkiewicz interpolation theorem, and the compactness interpolation theorem
(Theorem 5.1) allow us to conclude that A extends to a compact operator on
LppGq for all 1 ă p ă 8. 
The argument used in the proof of Theorem 3.9 via the Sobolev embedding
theorem can be easily adapted to prove the following result for non-invariant
operators, but, in the subelliptic context.
15 Indeed, let us observe that the fact that limxξyÑ8 }apξq}op À limxξyÑ8max1ďiďdξp1 `
νiipξq
2q´
κpκ´ρq
2κ ď limxξyÑ8xξy
´κpκ´ρq
2κ2 “ 0, implies the existence of a compact extension of A
on L2pGq (see [45]).
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Theorem 5.3. Let us assume that G is a compact Lie group of dimension n “ 2d
or n “ 2d`1, with d odd. Let 0 ď ρ ď κ, and a P ΣpGˆ pGq be a symbol satisfying
}pBβxDαξ apx, ξqqxMpξq ρ|α|`κpκ´ρqκ }op ď Cα, |α| ď κ :“ d` 1, |β| ď „np

` 1.
Then A “ Oppaq extends to a bounded operator on LppGq for all 1 ă p ă 8
for ρ “ κ, and to a compact linear operator on LppGq for all 1 ă p ă 8 when
0 ď ρ ă κ. Moreover, if the dimension of the group is dimpGq “ 2d or dimpGq “
2d` 1, with d even, the conclusion on A is the same provided that
}pBβxDαξ apx, ξqqxMpξq ρ|α|`κpκ´ρqκ }op ď Cα, |α| ď κ :“ d` 2, |β| ď „np

` 1.
Proof. Now, for every z P G, let us define the family of invariant operators
tAzuzPG, by
Azfpxq “
ÿ
rξsP pG
dξTrrξpxqapz, ξq pfpξqs, f P C8pGq.
By the identity Axfpxq “ Afpxq, x P G, the Sobolev embedding Theorem gives
sup
zPG
|Azfpxq| À
ÿ
|β|ďrn
p
s`1
}BβZAzfp¨q}LppGq “
ÿ
|β|ďrn
p
s`1
¨˝ż
G
|BβZAzfpxq|p dz‚˛
1
p
.
Every operator Az,β :“ BβZAz has an invariant symbol az,β :“ BβZapz, ¨q, and the
estimates
}xMpξq 1κ pκpκ´ρq`ρ|α|qpBpβqX Dαapx, ξqq}op ď Cα, |α| ď κ, |β| ď rnp s ` 1,
are equivalent to the following ones,
}xMpξq 1κ pκpκ´ρq`ρ|α|qDαaz,βpξq}op ď Cα, |α| ď κ, |β| ď rn
p
s ` 1.
Consequently the family of operators tAz,αuzPG, |β|ďrn
p
s`1, satisfies the conclusions
in Theorem 5.2. Moreover, for every |β| ď rn
p
s ` 1, the function z ÞÑ Az,β, is a
continuous function from G into BpLppGqq, the set of bounded linear operators
on LppGq, for all 1 ă p ă 8. The compactness of G implies that
sup
zPG
}Az,β}BpLppGqq “ sup
zPG
}BβZAz}BpLppGqq “ }BβZAz0,β}BpLppGqq
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for some z0,β P G. Consequently, we can estimate the LppGq-norm of Af, f P
C8pGq, by
}Af}p
LppGq “
ż
G
|Axfpxq|pdx ď
ż
G
sup
zPG
|Azfpxq|pdx
À
ÿ
|β|ďrn
p
s`1
ż
G
ż
G
|BβZAzfpxq|p dzdx
“
ÿ
|β|ďrn
p
s`1
ż
G
ż
G
|BβZAzfpxq|p dxdz
ď
ÿ
|β|ďrn
p
s`1
sup
zPG
}BβZAz}pBpLppGqq}f}pLppGq
“
ÿ
|β|ďrn
p
s`1
}BβZAz0,β}pBpLppGqq}f}pLppGq.
So, we have the boundedness of A on LppGq, for all 1 ă p ă 8, and all 0 ď ρ ď κ.
However, for 0 ď ρ ă κ, A extends to a compact operator on LppGq. For the proof,
we can take a sequence tfju in LppGq, converging weakly to zero. We need to
show that Afj converges to zero in the L
ppGq-norm. The previous analysis gives
us the inequality,
}Afj}pLppGq À
ÿ
|β|ďrn
p
s`1
ż
G
ż
G
|BβZAzfjpxq|p dxdz “
ÿ
|β|ďrn
p
s`1
ż
G
}BβZAzfj}pLppGqdz.
Because, every weakly convergent sequence is a bounded sequence,16 we have that
supj }fj}pLppGq ă 8, and the estimate
}BβZAzfj} ď }BβZAz0,β}BpLppGqq sup
j
}fj}LppGq
allows us to use the dominated convergence Theorem in order to conclude that
lim
jÑ8
}Afj}pLppGq À
ÿ
|β|ďrn
p
s`1
lim
jÑ8
ż
G
}BβZAzfj}pLppGqdz
“
ÿ
|β|ďrn
p
s`1
ż
G
lim
jÑ8
}BβZAzfj}pLppGqdz.
Now, for every z P G, BβZAz is a Fourier multiplier satisfying the hypothesis in
Theorem 5.2, and consequently they admit compact extensions on LppGq, for all
1 ă p ă 8, provided that 0 ď ρ ă κ. This, and our assumption that tfju in
LppGq converges weakly to zero, implies that limjÑ8 }BβZAzfj}LppGq “ 0. So, we
conclude that limjÑ8 }Afj}LppGq “ 0. The proof is complete. 
16 this is a known fact, indeed, it can be proved by using the Uniform Boundedness Principle.
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Remark 5.4. As we can see in Theorem 5.2, the class of symbols with limited
regularity S
´κpκ´ρq,κ,L
ρ pGq begets operators of weak type p1, 1q. The same con-
clusion is valid for operators with smooth symbols in the class S
´κpκ´ρq,L
ρ pGq.
Also, for ρ “ κ, we have
OppS 0,Lκ,0 pGqq Ă OppS
0,κ,rn
p
s`1,L
κ,0 pGqq Ă BpLppGqq, 1 ă p ă 8,
or equivalently,
OppS0,L1,0 pGˆ pGqq Ă OppS0,κ,rnp s`1,L1,0 pGqq Ă BpLppGqq, 1 ă p ă 8.
Corollary 5.5. Let κ be the smallest even integer larger than n
2
, n :“ dimpGq.
Let A : C8pGq Ñ D 1pGq be a continuous operator such that its matrix symbol σA
satisfies
}pBpβqX ∆γσApx, ξqqxMpξq|α|}op ď Cγ, |γ| ď κ, |β| ď „np

` 1. (5.3)
If s P R, then A extends to a bounded operator from Lp,Ls pGq into Lp,Ls pGq for all
1 ă p ă 8.
Proof. Note that
}Af}
L
p,L
s pGq
“ }MsAM´sMsf}LppGq.
By taking into account Remarks 4.6 and 4.19, we have thatMs P OppS sκ,L1,0 pGqq Ă
OppS sκ,Lκ,0 pGqq, A P OppS
0,κ,rn
p
s`1,L
κ,0 pGqq, andM´sOppS ´sκ,L1,0 pGqq Ă OppS ´sκ,Lκ,0 pGqq,
and we conclude that
As :“MsAM´s P OppS 0,κ,r
n
p
s`1,L
κ,0 pGqq.
Moreover, from Theorem 5.3 we deduce that As extends to a bounded operator
on LppGq for all 1 ă p ă 8. Consequently we deduce the estimate
}Af}
L
p,L
s pGq
ď }As}BpLppGqq}f}Lp,Ls pGq.
So, A extends to a bounded operator from Lp,Ls pGq into Lp,Ls pGq. Thus, we finish
the proof. 
Corollary 5.5 implies the following result on the boundedness of pseudo-differential
operators on Besov spaces (we refer the reader to Appendix 12 for the definition
and to [33] for the interpolation properties of subelliptic Besov spaces).
Corollary 5.6. Let κ be the smallest even integer larger than n
2
, n :“ dimpGq.
Let A : C8pGq Ñ D 1pGq be a continuous operator such that its matrix symbol σA
satisfies
}pBpβqX ∆γσApx, ξqqxMpξq|γ|}op ď Cγ,β, |γ| ď κ, |β| ď „np

` 1. (5.4)
If s P R, then A extends to a bounded operator from Bs,Lp,q pGq into Bs,Lp,q pGq for all
1 ă p ă 8, and 0 ă q ă 8.
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Proof. We will present a proof based on the real interpolation analysis. Observe
that Corollary 5.5, shows that A extends to a bounded operator from Lp,Ls pGq
into Lp,Ls pGq for every 1 ă p ă 8. In particular, if 1 ă p0 ă p1 ă 8 and θ P p0, 1q
satisfies 1{p “ θ{p0 ` p1 ´ θq{p1, then from the boundedness of the following
bounded extensions of A,
A : Lp0,Ls pGq Ñ Lp0,Ls pGq, A : Lp1,Ls pGq Ñ Lp1,Ls pGq
by the real interpolation, we deduce
A : pLp0,Ls pGq, Lp1,Ls pGqqpθ,qq Ñ pLp0,Ls pGq, Lp1,Ls pGqqpθ,qq, 0 ă q ă 8.
Because pLp0,Lr pGq, Lp1,Lr pGqqpθ,qq “ Br,Lp,q pGq for every r P R, (see [33, Theo-
rem 6.2]) we conclude that A extends to a bounded operator from Bs,Lp,q pGq into
Bs,Lp,q pGq. The proof is complete. 
6. Boundedness of subelliptic pseudo-differential operators with
smooth symbols
In this section we develop a Fefferman type Lp-estimate for subelliptic classes
on compact Lie groups. In constrast with the previous subsection, we will use
the calculus for subelliptic operators e.g. in the duality argument. First, we
will prove an estimate of L8-BMO type and we will provide the H1-L1 estimate
by the duality argument. Finally, by using the Fefferman-Stein interpolation
theorem we will obtain the Lp-estimate for subelliptic operators. This gives an
extension of the results in [46] for the Laplacian, to the subelliptic setting.
6.1. L8-BMO boundedness for subelliptic Ho¨rmander classes.
Remark 6.1 (L8pGq-boundedness of pseudo-differential operators). Let x ÞÑ kx,
the right convolution kernel of A, this means that for every smooth function f
on G,
Afpxq “ pf ˚ kxqpxq, x P G.
If σpx, ξq is the matrix-valued symbol of A, we have that kx “ F´1G σpx, ¨q. If we
assume the following condition
sup
xPG
}F´1G σpx, ¨q}L1pGq “ sup
xPG
}kx}L1pGq ă 8,
then
|Afpxq| ď
ż
G
|kxpy´1xq||fpyq|dy ď sup
xPG
}kx}L1pGq}f}L8pGq.
Consequently,
}A}BpL8pGqq ď sup
xPG
}kx}L1pGq.
Remark 6.2. For every smooth function f P C8p0,8q, we will define
fpxMqpξq ” fpxMpξqq :“ diagrfpp1`ν2iiq 12 qs1ďiďdξ ” pfpp1`ν2iiq 12 qδijq1ďi,jďdξ (6.1)
for every rξs P pG. According to the symbolic calculus developed in [111], (6.1)
defines the matrix-symbol t{fpMqpξqurξsP pG of the operator fpMq defined by the
functional calculus.
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Lemma 6.3. Let G be a compact Lie group and let us denote by Q the Hausdorff
dimension of G associated to the control distance associated to the sub-Laplacian
L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields satisfying the
Ho¨rmander condition of order κ. For 0 ď δ ă ρ ď 1, let σ P S´
Qp1´ρq
2
,L
ρ,δ pG ˆ pGq
be a symbol satisfying
σpx, ξqψjpxMpξqq “ σpx, ξq, (6.2)
where ψjpλq “ ψ0p2´jλq, for some test function ψ0 P C80 p0,8q, and some fixed
integer j P N0. Then A “ Oppσq extends to a bounded operator from L8pGq to
L8pGq, and for ℓ :“ rQ
2
s ` 1, we have
}A}BpL8pGqq À
˜
sup
px,rξsqPGˆ pG,|α|ďℓ }r∆
α
ξ σpx, ξqsxMpξqQp1´ρq2 `ρ|α|q}op
¸
.
with the positive constant C independent of j and σ.
Proof. Let us fix j P N0, and allow us to define a :“ 1´ ρ. Let b “ Ra´1, R “ 2j.
Let us consider σ P S´
Qa
2
,L
ρ,δ pG ˆ pGq “ S ´Qaκ2 ,Lρκ,δκ pGq. In view of Remark 6.1, we
only need to prove that
sup
xPG
}kx}L1pGq ď C,
where C is a positive constant independent of R, and kx, as usually, is the right-
convolution kernel of A. Let us denote by | ¨ | the seminorm induced by the Carnot
Carathe´odory distance on G. First, let us split the L1pGq-norm of kx as,ż
G
|kxpzq|dz “
ż
|z|ďb
|kxpzq|dz `
ż
|z|ąb
|kxpzq|dz.
By using the Ho¨lder inequality we estimate the first integral as follows,
ż
|z|ďb
|kxpzq|dz ď
¨˚
˝ ż
|z|ďb
dz
‹˛‚
1
2
¨˚
˝ ż
|z|ďb
|kxpzq|2dz‹˛‚
1
2
— RQpa´1q2 }kx}L2pGq
“ 2´ jp1´aqQ2 }kx}L2pGq.
The Plancherel theorem and the definition of the right-convolution kernel: kx “
F
´1
G pσpx, ¨qq, for every x P G, together with (6.2) imply
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}kx}L2pGq “
¨˝ ÿ
rξsP pG
dξ}σpx, ξq}2HS‚˛
1
2
“
¨˝ ÿ
rξsP pG
dξ}σpx, ξqxMpξqQa2 xMpξq´Qa2 }2HS‚˛
1
2
“
¨˝ ÿ
rξsP pG
dξ}σpx, ξqψjpxMpξqqxMpξqQa2 xMpξq´Qa2 }2HS‚˛
1
2
“
¨˝ ÿ
rξsP pG
dξ}σpx, ξqxMpξqQa2 ψjpxMpξqqxMpξq´Qa2 }2HS‚˛
1
2
ď
˜
p sup
rξsP pG }σpx, ξq
xMpξqQa2 }op¸
¨˝ ÿ
rξsP pG
dξ}ψjpxMpξqqxMpξq´Qa2 }2HS‚˛
1
2
.
Let us denote, for every j ě 1,
Ij :“
¨˝ ÿ
rξsP pG
dξ}ψjpxMpξqqxMpξq´Qa2 }2HS‚˛
1
2
.
So, we can estimate Ij for every j ě 1. Indeed, the Weyl eigenvalue counting
formula for the sub-Laplacian (4.21), gives
I2j ď
ÿ
rξsP pG
dξ}ψjpxMpξqqxMpξq´Qa2 }2HS
ď
ÿ
rξs:2j´1ďp1`νkkpξq2q
1
2ă2j`1,@1ďkďdξ
dξ
dξÿ
i“1
p1` νiipξq2q´
Qa
2
À
ÿ
rξs:2j´1ďp1`νkkpξq2q
1
2ă2j`1,@1ďkďdξ
d2ξ2
´jQa À 2jQ´jQa.
Consequently,
Ij À 2
jQp1´aq
2 “ RQp1´aq2 .
This analysis and the fact that 0 ă a ď 1, allows us to deduce that¨˚
˝ ż
|z|ďb
dz
‹˛‚
1
2
¨˚
˝ ż
|z|ďb
|kxpzq|2dz‹˛‚
1
2
— 2 jQpa´1q2 2 jQp1´aq2 “ 1,
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and consequently we estimate ż
|z|ďb
|kxpzq|dz “ Op1q.
On the other hand, if ∆q is a difference operator associated to q that vanishes at
eG of order ℓ and eG is an isolated zero, observe that
ż
|z|ąb
|kxpzq|dz ď
¨˚
˝ ż
|z|ąb
qpzq´2dz‹˛‚
1
2
¨˚
˝ ż
|z|ąb
|qpzqkxpzq|2dz‹˛‚
1
2
À
¨˚
˝ ż
|z|ąb
|z|´2ℓdz‹˛‚
1
2 ¨˝ż
G
|qpzqkxpzq|2dz‚˛
1
2
“ bQ´2ℓ2
¨˝ ÿ
rξsP pG
dξ}∆qσpx, ξq}2HS‚˛
1
2
“ bQ2 ´ℓ}∆qσpx, ξq}L2p pGq
“ 2jpa´1qpQ2 ´ℓq}∆qσpx, ξq}L2p pGq.
We observe that the condition ℓ ą Q
2
is a necessary and suficient condition in
order that
ş
|z|ąb
|z|´2ℓdz ă 8, which can be deduced from an argument using
polar coordinates in order to estimate¨˚
˝ ż
|z|ąb
|z|´2ℓdz‹˛‚
1
2
„ bQ´2ℓ2 .
In order to control the L2p pGq-norm of ∆qσpx, ξq we proceed as follows,
}∆qσpx, ξq}2L2p pGq
ď
ÿ
rξs:2j´1ďp1`νkkpξq2q
1
2ă2j`1,@1ďkďdξ
dξ}∆qσpx, ξqxMpξqQa2 `p1´aqℓ xMpξq´Qa2 ´p1´aqℓ}2HS
ď
ÿ
rξs:2j´1ďp1`νkkpξq2q
1
2ă2j`1,@1ďkďdξ
dξ}∆qσpx, ξqxMpξqQa2 `p1´aqℓ}2op}xMpξq´Qa2 ´p1´aqℓ}2HS
À
ÿ
rξs:2j´1ďp1`νkkpξq2q
1
2ă2j`1,@1ďkďdξ
dξ
dξÿ
i“1
p1` νiipξq2q´p
Qa
2
`p1´aqℓq
À
ÿ
rξs:2j´1ďp1`νkkpξq2q
1
2ă2j`1,@1ďkďdξ
d2ξ2
´2jpQa
2
`p1´aqℓq
À 2´2jpQa2 `p1´aqℓq ˆ 2jQ “ 2jp1´aqpQ´2ℓq,
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where we have used again the Weyl eigenvalue counting formula for the sub-
Laplacian (Remark 4.21). So, we have
}∆qσpx, ξq}L2p pGq À 2jp1´aqpQ2 ´ℓq.
The preceding analysis allows us to conclude that for ℓ :“ rQ
2
s ` 1 ą Q
2
,ż
|z|ąb
|kxpzq|dz À 2jpa´1qp
Q
2
´ℓq}∆qσpx, ξq}L2p pGq À 2jpa´1qpQ2 ´ℓq2jp1´aqpQ2 ´ℓq “ 1.
Thus, the proof is complete. 
Lemma 6.4. Let G be a compact Lie group and let us denote by Q the Hausdorff
dimension of G associated to the control distance associated to the sub-Laplacian
L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields satisfying the
Ho¨rmander condition of order κ. For 0 ď δ ă ρ ď 1, and ε P R, let us consider
a continuous linear operator A : C8pGq Ñ D 1pGq with symbol σ P Sε,Lρ,δ pG ˆ pGq.
Let η be a smooth function supported in tλ : R ď λ ď 3Ru, for some R ą 1. Then
for all α P Nn0 with |α| ď ℓ, there exists C ą 0, such that for every ω ě 0,
sup
px,rξsqPGˆ pG }
xMpξq´ε`ρ|α|∆αξ rσpx, ξqηpsxξyqs}op ď C}σ}ℓ,Sε,Lρ,δ psxξyq´ω,
with the positive constant C independent of s ą 0, R and σ.
Proof. Let us consider σ P Sε,Lρ,δ pG ˆ pGq “ S εκ,Lκρ,κδpGq. The Leibniz rule allows us
to write
∆αξ rσpx, ξqηpsxξyqIdξs “
ÿ
α1`α2“α
Cα1,α2r∆α1σspx, ξqr∆α2ηpsxξyqIdξs,
because η has support in tλ : R ď λ ď 3Ru, we can estimate (see Lemma 6.8 of
[61]),
}∆α2ηpsxξyqIdξ}op ď Cωpsxξyq´ω, (6.3)
for every ω P R`0 . So, we deduce
}∆αξ rσpx, ξqηpsxξyqIdξs}op
ď
ÿ
α1`α2“α
Cα1,α2}xMpξq´ε`ρ|α1|r∆α1σspx, ξqs}op}∆α2rηpsxξyqIdξs}op
À
ÿ
α1`α2“α
Cα1,α2}xMpξq´ε`ρ|α1|r∆α1σspx, ξqs}oppsxξyq´ω
À }σ}
ℓ,S
ε,L
ρ,δ
psxξyq´ω,
proving Lemma 6.4. 
Remark 6.5. Let us mention that for s P p0, 1q, (instead of the general case s ą 0
considered in the previous lemma), from [61, page 3434], (6.3) can be replaced
by the following estimate,
}∆α2ηpsxξyqIdξ}op ď Cω,ηsω, (6.4)
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for all ω P R. So, from the proof of Lemma 6.4, we deduce the following estimate
which is interesting by itself,
sup
px,rξsqPGˆ pG }
xMpξq´ε`ρ|α|∆αξ rσpx, ξqηpsxξyqs}op Àω,η C}σ}ℓ,Sε,L
ρ,δ
sω, 0 ă s ă 1.
(6.5)
This estimate is a subelliptic analogy of Lemma 4.28.
Now, we will present one of our fundamental theorems in this paper. The
subelliptic BMO space and the subelliptic Hardy space BMOL and H1,L were
defined in Subsection 3.5.
Theorem 6.6. Let G be a compact Lie group and let us denote by Q the Hausdorff
dimension of G associated to the control distance associated to the sub-Laplacian
L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields satisfying the
Ho¨rmander condition of order κ. For 0 ď δ ă ρ ď 1, δ ă 1{κ, let us consider a
continuous linear operator A : C8pGq Ñ D 1pGq with symbol σ P S´
Qp1´ρq
2
,L
ρ,δ pG ˆpGq. Then A extends to a bounded operator from L8pGq to BMOLpGq, and from
H1,LpGq to L1pGq. Moreover,
}A}BpL8pGq,BMOLpGqq ď Cmaxt}σ}
ℓ,S
´
Qp1´ρq
2 ,L
ρ,δ
, }σp¨, ¨qxMpξqQp1´ρq}
ℓ,S
0,L
ρ,δ
u (6.6)
and
}A}BpH1,LpGq,L1pGqq ď Cmaxt}σ˚}
ℓ,S
´
Qp1´ρq
2 ,L
ρ,δ
, }σ˚p¨, ¨qxMpξqQp1´ρq}
ℓ,S
0,L
ρ,δ
u (6.7)
for some integer ℓ, where σ˚ denotes the matrix-valued symbol of the formal ad-
joint A˚ of A.
Proof. Let us consider 0 ď a :“ p1 ´ ρq ď 1, and let f P L8pGq. Let us fix a
ball Bpx0, rq where x0 P G, and r ą 0. We will prove that there exists a constant
C ą 0, independent of f and r, such that
1
|Bpx0, rq|
ż
Bpx0,rq
|Afpxq ´ pAfqBpx0,rq|dx ď C}σ}
ℓ,S
´
Qp1´ρq
2
ρ,δ
}f}L8pGq
where
pAfqBpx0,rq :“
1
|Bpx0, rq|
ż
Bpx0,rq
Afpxqdx.
We will prove the existence of two symbols σ0 and σ1 such that (see (6.10))
σpx, ξq “ σ0px, ξq ` σ1px, ξq, σjpx, ξq P Cdξˆdξ , j “ 0, 1,
in a such way that both, σ0px, ξq and σ1px, ξq, satisfy the estimate
}σj}
ℓ,S
´
Qp1´ρq
2
ρκ,δκ
ď Cj,ℓ}σ}
ℓ,S
´
Qp1´ρq
2
ρ,δ
, j “ 0, 1, ℓ ě 1. (6.8)
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Now, if Aj :“ Oppσjq, for j “ 0, 1, then A “ A0 ` A1 on C8pGq, and we only
need to prove that
1
|Bpx0, rq|
ż
Bpx0,rq
|Ajfpxq ´ pAjfqBpx0,rq|dx ď C}σj}
ℓ,S
´
Qp1´ρq
2 ,L
ρ,δ
}f}L8pGq. (6.9)
Then, if we prove (6.8), we can deduce (6.6) and by the duality argument we
could obtain (6.7) proving Theorem 6.6. Now, we proceed to prove the existence
of σ0 and σ1 satisfying the requested properties. Let us define
σ0px, ξq “ σpx, ξqγ˜pzzξq, σ1px, ξq “ σpx, ξq ´ σ0px, ξq, px, ξq P Gˆ pG, (6.10)
where γ˜pξq :“ γprxξyq, and γ P C80 pR,R`0 q, is a smooth function supported in
tt : |t| ď 1u, satisfying γptq “ 1, for |t| ď 1
2
. To estimate the integral
I0 :“ 1|Bpx0, rq|
ż
Bpx0,rq
|A0fpxq ´ pA0fqBpx0,rq|dx,
we will use the Mean value Theorem. If dGpx, yq is the geodesic distance between
x and y, observe that
|A0fpxq ´ A0fpyq| ď C0
nÿ
k“1
}XkA0f}L8pGqdGpx, yq ď r
dimpGqÿ
k“1
}XkA0f}L8pGq,
(6.11)
where tXkunk“1 is a basis for the Lie algebra g of G. In order to estimate the
L8-norm of XkA
0f, first let us observe that the matrix-valued symbol of XkA
0 “
Oppσ1kq is given by
σ1kpx, ξq :“ σXkpξqσ0px, ξq ` pXkσ0px, ξqq. (6.12)
Indeed, the Leibniz law gives
XkA
0fpxq “
ÿ
rξsP pG
TrpXkpξpxqσ0px, ξqq pfpξqq
“
ÿ
rξsP pG
TrprXkpξpxqqσ0px, ξq ` ξpxqXkσ0px, ξqqs pfpξqq.
The identity σXkpξq “ ξpxq˚Xkξpxq, implies Xkξpxq “ ξpxqσXkpξq, and we obtain
XkA
0fpxq “
ÿ
rξsP pG
TrprξpxqσXkpξqσ0px, ξq ` ξpxqXkσ0px, ξqqs pfpξqq,
which proves (6.12). By using a suitable partition of the unity we will decompose
the matrix σ1kpx, ξq in the following way,
σ1kpx, ξq “
8ÿ
j“1
ρj,kpx, ξq.
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To construct the family of operators ρj,kpx, ξq we will proceed as follows. We
choose a smooth real function η satisfying ηptq ” 0 for |t| ď 1 and ηptq ” 1 for
|t| ě 2. Set
ρptq “ ηptq ´ ηp t
2
q.
The support of ρ satisfies supppρq Ă r1, 4s. One can check that
1 “ ηptq `
8ÿ
j“1
ρp2jtq, for all t P R.
Indeed,
ηptq `
ρℓ
nÿ
j“1
p2jtq “ ηptq `
ℓÿ
j“1
ηp2jtq ´ ηp2j´1tq “ ηp2ℓtq Ñ 1, ℓÑ8.
For t “ rxξy we have
1 “ ηprxξyq `
8ÿ
j“1
ρp2jrxξyq.
Observe that
σ1kpx, ξq “ ηprxξyqσ1kpx, ξq `
8ÿ
j“1
ρp2jrxξyqσ1kpx, ξq.
Because ηprxξyqσ1kpx, ξq “ 0, in view that the support of γ˜ and η are disjoint sets,
we have
σ1kpx, ξq “
8ÿ
j“1
ρj,kpx, ξq, ρj,kpx, ξq :“ ρp2jrxξyqσ1kpx, ξq.
From the Mean value Theorem we have,
|A0fpxq ´ A0fpyq| ď C0
dimpGqÿ
k“1
|y´1x| ¨ }XkA0f}L8pGq
À r
dimpGqÿ
k“1
}XkA0f}L8pGq.
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Now, in order to prove (6.9) for j “ 0, we proceed by using Lemma 6.4 with
ω “ 1, Lemma 6.3 and (6.11). So, we have,
I0 : “ 1|Bpx0, rq|
ż
Bpx0,rq
|A0fpxq ´ pA0fqBpx0,rq|dx
“ 1|Bpx0, rq|
ż
Bpx0,rq
ˇˇˇˇ
ˇˇˇ 1|Bpx0, rq|
ż
Bpx0,rq
pA0fpxq ´ A0fpyqqdy
ˇˇˇˇ
ˇˇˇdx
ď 1|Bpx0, rq|2
ż
Bpx0,rq
ż
Bpx0,rq
|A0fpxq ´ A0fpyq|dydx À r sup
1ďkďdimpGq
}XkA0f}L8pGq
“ r sup
1ďkďdimpGq
}Oppσ1kqf}L8pGq ď r sup
1ďkďdimpGq
8ÿ
j“1
}Oppρj,kqf}L8pGq
À r
8ÿ
j“1
r´12´j}σ}
ℓ,S
´
Qa
2 ,L
ρ,δ
}f}L8pGq
À rr´1}σ}
ℓ,S
´
Qa
2 ,L
ρ, δ
}f}L8pGq
“ }σ}
ℓ,S
´
Qa
2 ,L
ρ,δ
}f}L8pGq.
In order to finish the proof, we need to prove (6.9) for j “ 1. In order to obtain
a similar L8pGq-BMOLpGq estimate for A1, we will proceed as follows. Let φ be
a smooth function compactly supported in Bpx0, 2rq satisfying that
φpxq “ 1, for x P Bpx0, rq, and 0 ď φ ď 10.
Note that
|Bpx0, rq| ď
ż
Bpx0,rq
φpxq2dx ď
ż
Bpx0,2rq
φpxq2dx “ }φ}2L2pGq ď 100|Bpx0, 2rq|,
and consequently
|Bpx0, rq| 12 ď }φ}L2pGq ď 10|Bpx0, 2rq| 12 ď 10C|Bpx0, rq| 12 , (6.13)
where in the last inequality we have used that the measure on the group satisfies
the doubling property. Taking into account that
1
|Bpx0, rq|
ż
Bpx0,rq
|A1fpxq ´ pA1fqBpx0,rq|dx ď
2
|Bpx0, rq|
ż
Bpx0,rq
|A1fpxq|dx,
76 D. CARDONA AND M. RUZHANSKY
we will estimate the right-hand side. Indeed, let us observe that
1
|Bpx0, rq|
ż
Bpx0,rq
|A1fpxq|dx ď 1|Bpx0, rq|
ż
Bpx0,rq
|φpxqA1fpxq|dx
ď 1|Bpx0, rq|
ż
Bpx0,rq
|A1rφf spxq|dx` 1|Bpx0, rq|
ż
Bpx0,rq
|rMφ, A1sfpxq|dx
: “ I ` II,
where Mφ is the multiplication operator by φ. To estimate I, observe that, in
view of the Cauchy-Schwartz inequality, we have
1
|Bpx0, rq|
ż
Bpx0,rq
|A1rφf spxq|dx ď 1|Bpx0, rq| 12
¨˚
˝ ż
Bpx0,rq
|A1rφf spxq|2dx‹˛‚
1
2
.
For 0 ă ρ ď 1, let L :“ p1`LqQaε2 P S
Qaε
2
mintρ,1{κu,0pGˆ pGq Ă S Qaεκ2mintρ,1{κu,0pGˆ pGq Ă
S
Qaε
2
mintρ,1{κu,δpGˆ pGq, where a :“ 1´ ρ and 0 ă ε ă 1. For a moment, allow us to
assume that we have
OppS´m,Lρ1,δ1 pGˆ pGqq Ă BpL2pGqq, (6.14)
for m ě 0 and 0 ď δ1 ă ρ1 ď 1. Because A1 P S´
Qa
2
,L
ρ,,δ pG ˆ pGq, the subelliptic
symbolic calculus gives
A1L P S´
Qa
2
p1´εq,L
mintρ,1{κu,δ pGˆ pGq.
Because m “ Qa
2
p1´εq ą 0, it follows from (6.14) and the condition δ ă 1{κ, (this
in order that δ ă mintρ, 1{κu) that A1L is bounded on L2pGq. Consequently,
1
|Bpx0, rq| 12
¨˚
˝ ż
Bpx0,rq
|A1LrL´1pφfqspxq|2dx‹˛‚
1
2
ď }A
1LrL´1pφfqs}L2pGq
|Bpx0, rq| 12
ď
C}σA1L}
k,S
´
Qa
2 p1´εq,L
ρ,δ
}L´1pφfq}L2pGq
|Bpx0, rq| 12
.
By observing that
}L´1pφfq}L2pGq “ }φf}
H´
Qaε
2 ,LpGq
,
where H´
Qaε
2
,LpGq is the Sobolev space of order ´Qaε
2
, associated with L, the
embedding L2pGq ãÑ H´Qaε2 ,LpGq, (see [71]) implies that
}L´1pφfq}L2pGq “ }φf}
H
´Qaε2 ,LpGq
À }φf}L2pGq.
Moreover, from (6.13), we deduce the inequality
}φf}L2pGq ď }f}L8pGq}φ}L2pGq À 10}f}L8pGq|Bpx0, rq| 12 .
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So, we conclude
I :“ 1|Bpx0, rq|
ż
Bpx0,rq
|A1rφf spxq|dx ď C}σA1L}ℓ1,S0,L
ρ,δ
}f}L8pGq,
which is the desired estimate for I. Now, we will estimate II. For this, observe
that the symbol of rMφ, A1s “ Oppθq, is given by
θpx, ξq “
ż
G
pφpxq ´ φpxy´1qqkxpyqξpyq˚dy, (6.15)
where x ÞÑ kx, is the right-convolution kernel of A1. Indeed, the equality (6.15)
was shown in [46, page 554]. Using the Taylor expansion we obtain
φpxy´1q “ φpxq `
ÿ
|α|“1
pXαx φqpxqq˜αpyq,
where, every q˜α is a smooth function vanishing with order 1 at eG. So, we can
write
θpx, ξq “
ÿ
|α|“1
Xαxφpxq∆q˜ασpx, ξq.
The hypothesis σ P S´
Qp1´ρq
2
,L
ρ,δ pGˆ pGq, implies that ∆q˜ασpx, ξq P S´Qp1´ρq2 ´ρ,Lρ,δ pGˆpGq, and the fact that φ is of compact support, implies the same conclusion for
θ :“ θpx, ξq P S´
Qp1´ρq
2
´ρ,L
ρ,δ pGˆ pGq. From Lemma 6.3, one has
}Oppθq}BpL8pGqq À
˜
sup
px,rξsqPGˆ pG,|α|ďℓ1 }r∆
α
ξ θpx, ξqsxMpξqQa2 `ρ`ρ|α|q}op
¸
À sup
|α|ďℓ
}Xαxφ}L8pGq
˜
sup
px,rξsqPGˆ pG,|α|ďℓ1 }r∆
α
ξ σpx, ξqsxMpξqQa2 `ρ`ρ|α|q}op
¸
Àℓ1 }σ}
ℓ1`1,S
´
Qa
2 `ρ,L
ρ,δ
.
Observing that
1
|Bpx0, rq|
ż
Bpx0,rq
|rMφ, A1sfpxq| ď 1|Bpx0, rq|
ż
Bpx0,rq
dx}rMφ, A1sf}L8pGq
“ }rMφ, A1sf}L8pGq,
we deduce,
1
|Bpx0, rq|
ż
Bpx0,rq
|rMφ, A1sfpxq| ď }Oppθqf}L8pGq
À }σ}
ℓ1`1,S
´
Qa
2 ,L
ρ,δ
}f}L8pGq.
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Thus, we obtain
II :“ 1|Bpx0, rq|
ż
Bpx0,rq
|rMφ, A1sfpxq|dx ď C}σA}
ℓ1`1,S
´
Qa
2 ,L
ρ,δ
}f}L8pGq.
Now, in order to finish the proof, we only need to prove (6.14). We will follow the
classical argument of Ho¨rmander. Indeed, assume first that ppx, ξq P S´m0,Lρ1,δ1 pGˆpGq, where m0 ą 0. The kernel of ppx,Dq “ Opppq, Kppx, yq, belong to L8pGˆGq
for m0 large enough. Hence,
sup
xPG
ż
G
|Kppx, yq|dy , sup
yPG
ż
G
|Kppx, yq|dx ă 8,
and the L2pGq-continuity of ppx,Dq follows from Schur lemma. Next we prove by
induction that ppx,Dq is L2-bounded if ppx, ξq P S´m0,Lρ1,δ1 pG ˆ pGq, for m0 ă m ď
´pρ1 ´ δ1q. To do so we form for u P C8pGq
}ppx,Dqu}2L2pGq “ pppx,Dqu, ppx,DquqL2pGq
“ pp˚px,Dqppx,Dqu, uqL2pGq
“ pbpx,Dqu, uqL2pGq,
where bpx,Dq “ p˚px,Dqppx,Dq has symbol in S2m,Lρ1,δ1 pGˆ pGq, for 0 ď δ1 ă ρ1 ď 1.
From the induction hypothesis the continuity of ppx,Dq for all p P S2m,Lρ1,δ1 now
follows successively for m ď ´m0
2
, ¨ ¨ ¨ ,´m0
4
, ¨ ¨ ¨ ,´m0
2ℓ0
, ¨ ¨ ¨ , ℓ0 P N, and hence for
m ď ´m0
2ℓ0
where m0
2ℓ0
ă ρ1 ´ δ1, after a finite number of steps. Now, assume that
ppx, ξq P S0,Lρ1,δ1pGˆ pGq and chose
M ą 2 sup
px,rξsq
}ppx, ξq}2op.
Then, in view of the subelliptic fucntional calculus, in particular by Corollary
8.4, we have that cpx, ξq “ pMIdξ ´ ppx, ξqppx, ξq˚q1{2 P S0,Lρ1,δ1pGˆ pGq. Now,
cpx,Dq˚cpx,Dq “M ´ p˚px,Dqppx,Dq ` rpx,Dq
where r P S´pρ1´δ1qρ1,δ1 pG ˆ pGq. Hence, }ppx,Dq}BpL2q ď M ` }rpx,Dq}BpL2q. Thus,
the proof is complete. 
In view of (6.14) we have the following L2pGq-estimate.
Corollary 6.7. Let us assume that G is a compact Lie group. Then,
OppS0,Lρ1,δ1pGˆ pGqq Ă BpL2pGqq, (6.16)
for all 0 ď δ1 ă ρ1 ď 1.
SUBELLIPTIC GLOBAL OPERATORS 79
6.2. LppGq, Sobolev and Besov boundedness for subelliptic Ho¨rmander
classes.
Remark 6.8. Under those hypothesis in Theorem 6.6, every continuous linear
operator A : C8pGq Ñ D 1pGq with symbol σ P S´
Qp1´ρq
2
,L
ρ,δ pG ˆ pGq extends to a
bounded operator from L8pGq to BMOLpGq, and from H1,LpGq to L1pGq. The
simple argument of interpolation gives that A also extends to a bounded operator
on LppGq for all 1 ă p ă 8. However, an argument via the Fefferman-Stein
interpolation theorem gives a more precise result that we will now present in
Theorem 6.9.
Theorem 6.9. Let G be a compact Lie group and let us denote by Q the Hausdorff
dimension of G associated to the control distance associated to the sub-Laplacian
L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields satisfying the
Ho¨rmander condition of order κ. For 0 ď δ ă ρ ď 1, δ ă 1{κ, let us consider a
continuous linear operator A : C8pGq Ñ D 1pGq with symbol σ P S´m,Lρ,δ pG ˆ pGq,
m ě 0. Then A extends to a bounded operator on LppGq provided that
m ě mp :“ Qp1´ ρq
ˇˇˇˇ
1
p
´ 1
2
ˇˇˇˇ
.
Proof. Now, having proved Theorem 6.6, the proof is verbatim the proof of The-
orem 4.15 of [46]. Let us write a :“ 1 ´ ρ. We will present the argument here,
for completeness. We will use the complex Fefferman-Stein interpolation theo-
rem. We only need to prove the theorem for m “ mp in view of the inclusion
S
´m,L
ρ,δ pGˆ pGq Ă S´mp,Lρ,δ pGˆ pGq for m ą mp. Let us consider the complex family
of operators indexed by z P C, Repzq P r0, 1s, given by
Tz :“ Oppσzq, σzpx, ξq :“ ez2σpx, ξqxMpξqQa2 pz´1q.
The family of operators tTzu defines an analytic family of operator from Repzq P
p0, 1q, (resp. continuous for Repzq P r0, 1s), into the algebra of bounded opera-
tors on L2pGq. Let us observe that σ0px, ξq “ σpx, ξqxMpξqm´Qa2 , and σ1px, ξq “
eσpx, ξqxMpξqm. Because T0 is bounded from L8pGq into BMOLpGq and T1 is
bounded on L2pGq, the Fefferman-Stein interpolation theorem implies that Tt
extends to a bounded operator on LppGq, for p “ 2
t
and all 0 ă t ď 1. Because
0 ď m ď Qa
2
, there exist t0 P p0, 1q such that m “ mp “ Qa2 p1´ t0q. So, Tt0 “ et
2
0A
extends to a bounded operator on L
2
t0 . The Fefferman-Stein interpolation the-
orem, the L2pGq-boundedness and the L 2t0 -boundedness of A give the LppGq-
boundedness of A for all 2 ď p ď 2
t0
, and interpolating the L
2
t0 pGq-boundedness
with the L8pGq-BMOLpGq boundedness of A we obtain the boundedneess of A
on LppGq for all 2
t0
ď p ă 8. So, A extends to a bounded operator on LppGq for
all 2 ď p ă 8. The LppGq-boundedness of A for 1 ă p ď 2 now follows by the
duality argument. 
Corollary 6.10. Let G be a compact Lie group and let us denote by Q the Haus-
dorff dimension of G associated to the control distance associated to the sub-
Laplacian L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku
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the Ho¨rmander condition of order κ. For 0 ď δ ă ρ ď 1, δ ă 1{κ, let us consider
a continuous linear operator A : C8pGq Ñ D 1pGq with symbol σ P S´m,Lρ,δ pGˆ pGq,
m ě 0. If s P R, then A extends to a bounded operator from Lp,Ls pGq into Lp,Ls pGq,
and also from Bs,Lp,q pGq into Bs,Lp,q pGq, for all 1 ă p ă 8, and 0 ă q ă 8, provided
that
m ě mp :“ Qp1´ ρq
ˇˇˇˇ
1
p
´ 1
2
ˇˇˇˇ
.
Proof. Let us assume that s P R. Note that
}Af}
L
p,L
s pGq
“ }MsAM´sMsf}LppGq.
BecauseMs P OppSs,L1{κ,0pGˆ pGqq, A P OppS´m,Lρ,δ pGˆ pGqq, andM´sOppS ´s,L1{κ,0 pGˆpGqq, we have that
As :“MsAM´s P OppS´m,Lmintρ,1{κu,δpGˆ pGq,
and from Theorem 6.6, we deduce that As extends to a bounded operator on
LppGq for all 1 ă p ă 8. Consequently we deduce the estimate
}Af}
L
p,L
s pGq
ď }As}BpLppGqq}f}Lp,Ls pGq.
So, A extends to a bounded operator from Lp,Ls pGq into Lp,Ls pGq. In a similar way
it can be proved that A extends to a bounded operator from Lp,L´s pGq into Lp,L´s pGq
for all 1 ă p ă 8. The interpolation argument as in Corollary 5.6 allows us the
deduce the corresponding boundedness result on Besov spaces. Thus, we finish
the proof. 
Corollary 6.11. Let G be a compact Lie group and let us denote by Q the
Hausdorff dimension of G associated to the control distance associated to the
sub-Laplacian L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields
satisfying the Ho¨rmander condition of order κ. For 0 ď δ ă ρ ď 1, δ ă 1{κ,
let us consider a continuous linear operator A : C8pGq Ñ D 1pGq with symbol
σ P Sm,Lρ,δ pG ˆ pGq, m P R. If s P R, then A extends to a bounded operator from
L2,Ls pGq into L2,Ls´mpGq.
Proof. Observe that M´mA extends to a bounded operator on L
2pGq in view of
the subelliptic Caldero´n-Vaillancourt Theorem (Theorem 4.29). So, from Corol-
lary 6.11 applied to p “ 2 we have AM´m extends to a bounded operator from
L2,Ls pGq into Lp,Ls pGq which is equivalent to the boundedness of A from L2,Ls pGq
into L2,Ls´mpGq. Thus, we finish the proof. 
7. Ellipticity in the context of the subelliptic calculus:
construction of parametrices and regularisation of traces
In this section we will study the notion of ellipticity associated to the subelliptic
calculus. As in the theory of pseudo-differential operators on compact manifolds
(see Ho¨rmander [80]) the ellipticity notion can be applied to study some singu-
larity order appearing in heat traces and regularisation of traces (see Wodzicki
[127] and Kontsevich and Vishik [84]). So, we will study the analogy of such kind
of traces for subelliptic operators.
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7.1. Construction of parametrices. Now, we will present a technical result
about the existence of parametrices for L-elliptic operators (see Definition 4.18)
in the subelliptic calculus. We denote S´8,LpGˆ pGq “ XmPRSm,Lρ,δ pGˆ pGq.
Proposition 7.1. Let m P R, and let 0 ď δ ă ρ ď 1. Let a “ apx, ξq P Sm,Lρ,δ pGˆpGq. Assume also that apx, ξq is invertible for every px, rξsq P Gˆ pG, and satisfies
sup
px,rξsqPGˆ pG }
xMpξqmapx, ξq´1}op ă 8. (7.1)
Then, there exists B P S´m,Lρ,δ pGˆ pGq, such that AB´ I, BA´ I P S´8,LpGˆ pGq.
Moreover, the symbol of B satisfies the following asymptotic expansion
pBpx, ξq „ 8ÿ
N“0
pBN px, ξq, px, rξsq P Gˆ pG, (7.2)
where pBN px, ξq P S´m´pρ´δqN,Lρ,δ pGˆ pGq obeys to the recursive formula
pBN px, ξq “ ´apx, ξq´1
¨˝
N´1ÿ
k“0
ÿ
|γ|“N´k
p∆γξapx, ξqqpBpγqX pBkpx, ξqq‚˛, N ě 1, (7.3)
with pB0px, ξq “ apx, ξq´1.
Proof. The idea is to find a symbol pB such that if I “ AB, then I ´ I is a
smoothing operator, where
pIpx, ξq „ 8ÿ
|α|“0
p∆q˜αapx, ξqqpBpαqX pBpx, ξqq.
The asymptotic expansion means that for every N P N,
∆αℓξ BpβqX
¨˝pIpx, ξq ´ ÿ
|α|ďN
p∆q˜αapx, ξqqpBpαqX pBpx, ξqq‚˛
P S´pρ´δqpN`1q´ρℓ`δ|β|,Lρ,δ pGˆ pGq,
for every αℓ P N0 of order ℓ P N0, where pB is requested to satisfy the asymptotic
expansion (7.2). So, formally we can write
pIpx, ξq „ 8ÿ
|α|“0
p∆q˜αapx, ξqqpBpαqX pBpx, ξqq “ 8ÿ
|α|“0
8ÿ
N“0
p∆q˜αapx, ξqqpBpαqX pBNpx, ξqq.
Observe that the fact that pB0px, ξq P S´m,Lρ,δ pGˆ pGq follows from Corollary 4.17.
Now, one can check easily that pBN px, ξq P S´m´pρ´δqN,Lρ,δ pGˆ pGq, for all N ě 1 by
using induction. Consequently,
pBpx, ξq ´ N´1ÿ
j“0
pBjpx, ξq P S´m´pρ´δqN,Lρ,δ pGˆ pGq.
82 D. CARDONA AND M. RUZHANSKY
This analysis allows us to deduce that
pIpx, ξq ´ N´1ÿ
k“0
ÿ
|γ|ăN
p∆γξapx, ξqqpBpγqX pBkpx, ξqq P S´pρ´δqN,Lρ,δ pGˆ pGq.
On the other hand, observe that
N´1ÿ
k“0
ÿ
|γ|ăN
p∆γξapx, ξqqpBpγqX pBkpx, ξqq
“ Idξ `
N´1ÿ
k“1
¨˝
apx, ξq pBkpx, ξq ` ÿ
|γ|ďN, |γ|ě1
p∆γξapx, ξqqpBpγqX pBkpx, ξqq‚˛
“ Idξ `
N´1ÿ
k“1
¨˝
apx, ξq pBkpx, ξq ` ÿ
|γ|“N´j, jăk
p∆γξapx, ξqqpBpγqX pBjpx, ξqq‚˛
`
ÿ
|γ|`jěN, |γ|ăN, jăN
p∆γξapx, ξqqpBpγqX pBkpx, ξqq
“ Idξ `
ÿ
|γ|`jěN, |γ|ăN, jăN
p∆γξapx, ξqqpBpγqX pBjpx, ξqq,
where we have used that
apx, ξq pBkpx, ξq ` ÿ
|γ|“k´j, jăk
p∆γξapx, ξqqpBpγqX pBjpx, ξqq ” 0,
in view of (7.3). Because, for |γ|`j ě N, p∆γξapx, ξqqpBpγqX pBkpx, ξqq P S´pρ´δqN,Lρ,δ pGˆpGq, it follows that
N´1ÿ
k“0
ÿ
|γ|ăN
p∆γξapx, ξqqpBpγqX pBkpx, ξqq ´ Idξ P S´pρ´δqN,Lρ,δ pGˆ pGq,
and consequently, pIpx, ξq´ Idξ P S´pρ´δqN,Lρ,δ pGˆ pGq, for every N P N. So, we have
proved that AB´ I P S´8,LpGˆ pGq. A similar analysis can be used to prove that
BA´ I P S´8,LpGˆ pGq. 
7.2. Parameter L-ellipticity with respect to an analytic curve in the
complex plane. To develop the subelliptic fucntional calculus we need a more
wide notion of ellipticity. By following the approach in [111], we present in our
subelliptic context the notion of parameter L-ellipticity.
Definition 7.2. Let m ą 0, and let 0 ď δ ă ρ ď 1. Let Λ “ tγptq : t P I17u
be an analytic curve in the complex plane C. If I is a finite interval we assume
that Λ is a closed curve. For simplicity, if I is an infinite interval we assume
that Λ is homotopy equivalent to the line ΛiR :“ tiy : ´8 ă y ă 8u. Let
a “ apx, ξq P Sm,Lρ,δ pG ˆ pGq. Assume also that Rλpx, ξq´1 :“ apx, ξq ´ λ18 is
17where I “ ra, bs, ´8 ă a ď b ă 8, I “ ra,8q, I “ p´8, bs or I “ p´8,8q.
18We have denoted apx, ξq ´ λ :“ apx, ξq ´ λIdξ to simplify the notation.
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invertible for every px, rξsq P G ˆ pG, and λ P Λ. We say that a is parameter
L-elliptic with respect to Λ, if
sup
λPΛ
sup
px,rξsqPGˆ pG }p|λ|
1
m ` xMpξqqmRλpx, ξq}op ă 8.
Remark 7.3. Observe that for a “ b “ 0, I “ t0u, and for the trivial curve
γptq “ 0, that a is parameter L-elliptic with respect to Λ “ t0u, is equivalent to
say that a is L-elliptic.
The following theorem classifies the matrix resolvent Rλpx, ξq of a parameter
L-elliptic symbol a.
Theorem 7.4. Let m ą 0, and let 0 ď δ ă ρ ď 1. If a is parameter L-elliptic
with respect to Λ, the following estimate
sup
λPΛ
sup
px,rξsqPGˆ pG }p|λ|
1
m ` xMpξqqmpk`1qxMpξqρ|α|´δ|β|BkλBpβqX ∆αξRλpx, ξq}op ă 8,
holds true for all α, β P Nn0 and k P N0.
Proof. We will split the proof in the cases |λ| ď 1, and |λ| ą 1, where λ P Λ. It
is possible however that one of these two cases could be trivial in the sense that
Λ1 :“ tλ P Λ : |λ| ď 1u or Λc1 :“ tλ P Λ : |λ| ą 1u could be empty sets. In such
a case the proof is self-contained in the situation that we will consider where we
assume that Λ1 and Λ
c
1 are not trivial sets. For |λ| ď 1, observe that
}p|λ| 1m ` xMpξqqmpk`1qxMpξqρ|α|´δ|β|BkλBpβqX ∆αξRλpx, ξq}op
“ }p|λ| 1m ` xMpξqqmpk`1qxMpξq´mpk`1qxMpξqmpk`1q`ρ|α|´δ|β|BkλBpβqX ∆αξRλpx, ξq}op
ď }p|λ| 1m ` xMpξqqmpk`1qxMpξq´mpk`1q}op
ˆ }xMpξqmpk`1q`ρ|α|´δ|β|BkλBpβqX ∆αξRλpx, ξq}op.
Note that
}p|λ| 1m ` xMpξqqmpk`1qxMpξq´mpk`1q}op
“ }p|λ| 1m xMpξq´1 ` Idξqmpk`1q}op ď }|λ| 1m xMpξq´1 ` Idξ}mpk`1qop
ď sup
|λ|Pr0,1s
sup
1ďjďdξ
p|λ| 1m p1` νjjpξq2q´ 12 ` 1qqkpm`1q
“ Op1q.
On the other hand, we can prove that
}xMpξqmpk`1q`ρ|α|´δ|β|BkλBpβqX ∆αξRλpx, ξq}op “ Op1q.
For k “ 1, BλRλpx, ξq “ Rλpx, ξq2. This can be deduced from the Leibniz rule,
indeed,
0 “ BλpRλpx, ξqpapx, ξq ´ λqq “ pBλRλpx, ξqqpapx, ξq ´ λq `Rλpx, ξqBλpapx, ξq ´ λq
“ pBλRλpx, ξqqpapx, ξq ´ λq `Rλpx, ξqp´1q
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implies that
´BλpRλpx, ξqqpapx, ξq ´ λq “ Rλpx, ξqp´1q.
Because papx, ξq ´ λq “ Rλpx, ξq´1 the identity for the first derivative of Rλ,
BλRλ it follows. So, from the chain rule we obtain that the term of higher order
expanding the derivative BkλRλ is Rk`1λ . From Corollary 4.17 we deduce that Rλ P
S
´m,L
ρ,δ pG ˆ pGq. The subelliptic calculus implies that Rk`1λ P S´mpk`1q,Lρ,δ pG ˆ pGq.
This fact, and the compactness of Λ1 Ă C, provide us the uniform estimate
sup
λPΛ1
sup
px,rξsqPGˆ pG }
xMpξqmpk`1q`ρ|α|´δ|β|BkλBpβqX ∆αξRλpx, ξq}op ă 8.
Now, we will analyse the situation for λ P Λc1. We will use induction over k in
order to prove that
sup
λPΛc1
sup
px,rξsqPGˆ pG }p|λ|
1
m ` xMpξqqmpk`1qxMpξqρ|α|´δ|β|BkλBpβqX ∆αξRλpx, ξq}op ă 8.
For k “ 0 notice that
}p|λ| 1m ` xMpξqqmpk`1qxMpξqρ|α|´δ|β|BkλBpβqX ∆αξRλpx, ξq}op
“ }p|λ| 1m ` xMpξqqmxMpξqρ|α|´δ|β|BpβqX ∆αξ papx, ξq ´ λq´1}op,
and denoting θ “ 1
|λ|
, ω “ λ
|λ|
, we have
}p|λ| 1m ` xMpξqqmpk`1qxMpξqρ|α|´δ|β|BkλBpβqX ∆αξRλpx, ξq}op
“ }p|λ| 1m ` xMpξqqm|λ|´1xMpξqρ|α|´δ|β|BpβqX ∆αξ pθ ˆ apx, ξq ´ ωq´1}op
“ }p1` |λ|´ 1m xMpξqqmxMpξqρ|α|´δ|β|BpβqX ∆αξ pθ ˆ apx, ξq ´ ωq´1}op
“ }p1` θ 1m xMpξqqmxMpξqρ|α|´δ|β|BpβqX ∆αξ pθ ˆ apx, ξq ´ ωq´1}op
“ }p1` θ 1m xMpξqqmxMpξq´mxMpξqm`ρ|α|´δ|β|BpβqX ∆αξ pθ ˆ apx, ξq ´ ωq´1}op
ď }p1` θ 1m xMpξqqmxMpξq´m}op}xMpξqm`ρ|α|´δ|β|BpβqX ∆αξ pθ ˆ apx, ξq ´ ωq´1}op.
Because p1` θ 1m xMpξqqmxMpξq´m P S0,Lρ,δ pGˆ pGq, we have that the operator norm
}p1 ` θ 1m xMpξqqmxMpξq´m}op is uniformly bounded in θ P r0, 1s. The same argu-
ment can be applied to the operator norm
}xMpξqm`ρ|α|´δ|β|BpβqX ∆αξ pθ ˆ apx, ξq ´ ωq´1}op,
by using that pθ ˆ apx, ξq ´ ωq´1 P S´m,Lρ,δ pG ˆ pGq, with θ P r0, 1s and ω being
an element of the complex circle. The case k ě 1 for λ P Λc1 can be proved in a
analogous way. 
Combining Proposition 7.1 and Theorem 7.4 we obtain the following corollaries.
Corollary 7.5. Let m ą 0, and let 0 ď δ ă ρ ď 1. Let a be a parameter L-elliptic
symbol with respect to Λ. Then there exists a parameter-dependent parametrix of
A´ λI, with symbol a´#px, ξ, λq satisfying the estimates
sup
λPΛ
sup
px,rξsqPGˆ pG }p|λ|
1
m ` xMpξqqmpk`1qxMpξqρ|α|´δ|β|BkλBpβqX ∆αξ a´#px, ξ, λq}op ă 8,
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for all α, β P Nn0 and k P N0.
Corollary 7.6. Let m ą 0, and let a P Sm,Lρ,δ pGˆ pGq where 0 ď δ ă ρ ď 1. Let us
assume that Λ is a subset of the L2-resolvent set of A, ResolvpAq :“ CzSpecpAq.
Then A ´ λI is invertible on D 1pGq and the symbol of the resolvent operator
Rλ :“ pA´ λIq´1, pRλpx, ξq belongs to S´m,Lρ,δ pGˆ pGq.
7.3. Asymptotic expansions for regularised traces of L-elliptic global
pseudo-differential operators. In this subsection we will study the trace for
the heat semigroup associated with L-elliptic positive left-invariant operators and
also regularised traces of subelliptic operators. So, we start with the following
Pleijel type formula.
Theorem 7.7. Let G be a compact Lie group and let us denote by Q the Hausdorff
dimension of G associated to the control distance associated to the sub-Laplacian
L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields satisfying the
Ho¨rmander condition. For 0 ď ρ ď 1, let us consider a positive left-invariant L-
elliptic continuous linear operator A : C8pGq Ñ D 1pGq with symbol σ P Sm,Lρ p pGq,
m ą 0. If A commutes with L, then the heat trace of A has an asymptotic
behaviour of the form
Trpe´tAq „ cm,Qt´
Q
m ˆ
8ż
t
1
m
e´s
m
sQ´1ds, @t ą 0. (7.4)
Moreover, we have the following asymptotic expansion,
Trpe´sAq “ s´Qm
˜
8ÿ
k“0
aks
k
m
¸
, sÑ 0`. (7.5)
Proof. Note that A is densely defined and positive on L2pGq, so it admits a self-
adjoint extension. At the level of symbols, if A commutes with L, for every
rξs P pG, σpξq commutes with pLpξq and consequently, σpξq and pLpξq are simulta-
neously diagonalisable on every representation space. So, in a suitable basis of
the representation space we can write,
σpξq “ diagrσjjpξqsdξj“1, pLpξq “ diagrp1` νjjpξq2q 12 sdξj“1,
where σjjpξq, 1 ď k ď dξ, is the system of positive eigenvalues of σpξq, rξs P pG.
The spectral mapping theorem implies that
spectrumpe´tAq “ te´tσjj pξq : 1 ď j ď dξ, rξs P pGu.
So, we have
Trpe´tAq “
ÿ
rξsP pG
dξÿ
j“1
e´tσjj pξq.
The L-ellipticity of A, implies that,
sup
1ďjďdξ
σjjpξq´1p1` νjjpξq2qm2 “ }σpξq´1xMpξq}op ď sup
rξsP pG }σpξq
´1xMpξq}op ă 8.
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Consequently,
inf
1ďjďdξ
σjjpξqp1` νjjpξq2q´m2 ě sup
rξsP pG }σpξq
´1xMpξqm}´1op .
Now, observe that from the hypothesis σ P Sm,Lρ p pGq we have,
sup
1ďjďdξ
σjjpξqp1` νjjpξq2q´m2 ď sup
rξsP pG }σpξq
xMpξq´m}op.
These inequalities reduce the problem of computing the traceTrpe´tAq to compute
Trpe´tp1`Lqm2 q. Indeed,
Trpe´tAq “
ÿ
rξsP pG
dξÿ
j“1
e´tσjj pξq “
ÿ
rξsP pG
dξÿ
j“1
e´tσjj pξqp1`νjjpξq
2q´
m
2 p1`νjjpξq2q
m
2
—
ÿ
rξsP pG
dξÿ
j“1
e´tp1`νjj pξq
2q
m
2 “ Trpe´tp1`Lq
m
2 q.
Now, we will use the Weyl-law for the sub-Laplacian (see e.g. Remark 4.21).
Observe that,
Trpe´tp1`Lq
m
2 q “
8ÿ
k“0
ÿ
rξs:2kďp1`νj1j1 pξq
2q
1
2ă2k`1, @1ďj1ďdξ
dξÿ
j“1
e´tp1`νjj pξq
2q
m
2
.
Because,
ÿ
rξs:2kďp1`νj1j1pξq
2q
1
2ă2k`1,@1ďj1ďdξ
dξÿ
j“1
e´tp1`νjjpξq
2q
m
2 —
ÿ
rξs:2kďp1`νj1j1pξq
2q
1
2ă2k`1,@1ďj1ďdξ
dξe
´t2km ,
we have
Trpe´tp1`Lq
m
2 q “
8ÿ
k“0
e´t2
km
ÿ
rξs:2kďp1`νj1j1 pξq
2q
1
2ă2k`1, @1ďj1ďdξ
dξ
“
8ÿ
k“0
e´t2
km
Np2kq “
8ÿ
k“0
e´t2
km
2kQ
“
8ÿ
k“0
e´t2
km
2kpQ´1q2k.
Observe that
8ÿ
k“0
e´t2
km
2kpQ´1q2k —
8ż
1
e´tλ
m
λQ´1dλ “ t´Qm
8ż
t
1
m
e´s
m
sQ´1ds.
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The condition m ą 0, implies that gptq :“
8ş
t
e´s
m
sQ´1ds, is smooth and real-
analytic on R` :“ p0,8q, admitting a Taylor expansion of the form
gpsq “
8ÿ
k“0
a1ks
k sÑ 0`.
So, we have the estimate Trpe´sAq „ cm,Qs´Qmgpsq, for some positive constant
cm,Q. On the other hand, we deduce that F psq :“ sQmTrpe´sAq is a real-analytic
function and its Taylor expansion at s “ 0, has the form: ř8k“0 a1ks km , which
implies the following expansion,
Trpe´sAq “ s´Qm
˜
8ÿ
k“0
aks
k
m
¸
, sÑ 0`.
Thus, we end the proof. 
Remark 7.8. Observe that under the conditions of Theorem 7.7, we have
Trpe´tAq „ cm,Q,tt´
Q
m , @t ą 0, (7.6)
where cm,Q,t :“ cm,Q
8ş
t
1
m
e´s
m
sQ´1ds. For tÑ8, cm,Q,t Ñ 0`, and in general,
0 ă cm,Q,t ď
8ż
0
e´s
m
sQ´1ds “ op1q, 0 ď t ă 8.
So, (7.4) implies the following estimate
Trpe´tAq „ cm,Qt´
Q
m .
Now, we study other kind of singularities appearing in traces of the form
TrpAe´tp1`Lq
q
2 q. To illustrate the importance in computing such traces let us
recall an interesting situation that comes from spectral geometry. If M is an
orientable and compact manifold without boundary, and if E is a positive el-
liptic pseudo-differential operator of order q ą 0, for every elliptic and positive
pseudo-differential operator A with order m, m ě ´ dimpMq, we have
TrpAe´tEq „ t´m`dimpMqq
8ÿ
k“0
akt
k ´ b0
q
logptq `Op1q. (7.7)
If m ą ´ dimpMq, b0 “ 0, and for m “ ´ dimpMq, ak “ 0 for every k, and
b0 “ respAq is the Wodzicki residue of A, see e.g. Wodzicki [127] and Lesch [85].
Let us recall that a matrix M P Kℓˆℓ, K “ R or K “ C, is positive if
pMv, vqKℓ ě 0, @v P Kℓ.
Now, we will compute an analogy of (7.7) for subelliptic operators.
88 D. CARDONA AND M. RUZHANSKY
Theorem 7.9. Let G be a compact Lie group and let us denote by Q the Hausdorff
dimension of G associated to the control distance associated to the sub-Laplacian
L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields satisfying the
Ho¨rmander condition of order κ. For 0 ď δ, ρ ď 1, let us consider an L-elliptic
continuous linear operator A : C8pGq Ñ D 1pGq with symbol σ P Sm,Lρ,δ pG ˆ pGq,
m P R. Let Mq “ p1 ` Lq q2 be the subelliptic Bessel potential of order q ą 0. If
σpx, rξsq ě 0, for every px, rξsq P G ˆ pG, then
TrpAe´tMqq „ cm,Qt´
Q`m
q ˆ
8ż
t
1
q
e´s
m
sQ`m´1ds, @t ą 0. (7.8)
In particular, for m “ ´Q, we have
TrpAe´tMqq „ ´cQ
q
logptq, @t P p0, 1q, (7.9)
while for m ą ´Q, we have the asymptotic expansion
TrpAe´tMqq “ t´Q`mq
˜
8ÿ
k“0
akt
k
q
¸
, tÑ 0`. (7.10)
Proof. We will follow the same approach as in Theorem 7.7. Because the trace
of Ae´tMq is the integral of its Schwartz kernel over the diagonal (this is a con-
sequence of the main results in [50]), we have
TrpAe´tMqq “
ż
G
ÿ
rξsP pG
dξTrrσpx, ξqe´txMpξqq sdx
“
ż
G
ÿ
rξsP pG
dξTrrσpx, ξqxMpξq´mxMpξqme´txMpξqq sdx.
In a suitable basis of the representation space we can diagonalise the operator
σpx, ξqxMpξq´m, and we can write in a such basis,
σpx, ξqxMpξq´m “ diagrλjjpx, ξqsdξj“1, xMpξqme´txMpξqq “ rΩij,tpξqsdξi,j“1. (7.11)
Now, we can write
TrpAe´tMq q “
ż
G
ÿ
rξsP pG
dξTrrσpx, ξqxMpξq´mxMpξqme´txMpξqq sdx
“
ÿ
rξsP pG
dξÿ
j,j1“1
dξ
ż
G
λj1j1px, ξqdxΩj1j,tpξq.
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The L-ellipticity of A and the positivity of its symbol, imply that
sup
px,rξsqP pG }σpx, ξq
´1xMpξqm}´1op ď inf
xPG
inf
j1,j1,rξsP pG λj1j1px, ξq
ď sup
xPG
sup
j1,j1,rξsP pG λj1j1px, ξq
“ sup
px,rξsqP pG }σpx, ξq
xMpξq´m}op,
from which we deduce the following estimate,
TrpAe´tMqq —
ÿ
rξsP pG
dξÿ
j,j1“1
dξΩj1j,tpξq.
Because xMpξqme´txMpξqq “ rΩij,tpξqsdξi,j“1 is a symmetric matrix written in the
basis that allows to write in a diagonal form the operator σpx, ξqxMpξq´m, we can
find a matrix P pξq such that
xMpξqme´txMpξqq “ P pξq´1diagrp1` νjjpξq2qm2 e´tp1`νjjpξq2q q2 sdξj“1P pξq,
and
dξÿ
j,j1“1
Ωj1j,tpξq “
dξÿ
j,j1“1
rP pξq´1diagrp1` νsspξq2qm2 e´tp1`νsspξq2q
q
2 sdξs“1P pξqsj1j
“
dξÿ
j,j1s“1
P pξq´1j1j p1` νj1j1pξq2q
m
2 e´tp1`νj1j1 pξq
2q
q
2
P pξqsj1s
“ TrrP pξq´1diagrp1` νjjpξq2qm2 e´tp1`νjj pξq2q
q
2 sdξj“1P pξqs “ TrrxMpξqme´txMpξqq s.
Now, as above, we will use the Weyl-law for the sub-Laplacian (see e.g. Remark
4.21). Observe that,
Trpp1` Lqm2 e´tp1`Lq
q
2 q
“
8ÿ
k“0
ÿ
rξs:2kďp1`νj1j1pξq
2q
1
2ă2k`1,@1ďj1ďdξ
dξÿ
j“1
p1` νjjpξq2qm2 e´tp1`νjj pξq2q
q
2
.
Because,
ÿ
rξs:2kďp1`νj1j1 pξq
2q
1
2ă2k`1, @1ďj1ďdξ
dξÿ
j“1
p1` νjjpξq2qm2 e´tp1`νjj pξq2q
q
2
—
ÿ
rξs:2kďp1`νj1j1 pξq
2q
1
2ă2k`1,@1ďj1ďdξ
dξ2
kme´t2
kq
,
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we can write
TrpAe´tMqq —
8ÿ
k“0
2kme´t2
kq
ÿ
rξs:2kďp1`νj1j1pξq
2q
1
2ă2k`1,@1ďj1ďdξ
dξ
“
8ÿ
k“0
2kme´t2
kq
Np2kq “
8ÿ
k“0
2kme´t2
kq
2kQ
“
8ÿ
k“0
e´t2
kq
2kpQ`m´1q2k.
From the estimate
8ÿ
k“0
e´t2
kq
2kpQ`m´1q2k —
8ż
1
e´tλ
q
λQ`m´1dλ “ t´Q`mq
8ż
t
1
q
e´s
q
sQ`m´1ds.
So, we have proved the first part of the theorem. Now, in particular, form “ ´Q,
we have
TrpAe´tMqq „
8ż
t
1
q
e´s
q
s´1ds.
Observe that for 0 ă t ă 1, the main contribution in the integral
8ş
t
1
q
e´s
q
s´1ds is
the integral of Gpsq :“ e´sqs´1, on the interval rt 1q , 1q. Indeed,
8ş
1
e´s
q
s´1ds “ op1q
for q ą 0. Now, we can compute
1ż
t
1
q
e´s
q
s´1ds „
1ż
t
1
q
s´1ds “ ´1
q
logptq.
In the case m ą ´Q, we have that the function gptq “
8ş
t
e´s
q
sQ`m´1ds ă 8, is
real analytic in r0,8q, and for tÑ 0`, gptq “ ř8k“0 bktk, which implies
TrpAe´tMqq „ t´Q`mq
˜
8ÿ
k“0
b1kt
k
q
¸
, tÑ 0`.
So, we end the proof. 
Remark 7.10. Observe that we can summarise (7.9) and (7.10) by writing
TrpAe´tp1`Lq
q
2 q „ t´m`Q2
8ÿ
k“0
akt
k
q ´ b0
q
logptq, tÑ 0`, (7.12)
for m ě ´Q. If m “ ´Q, then ak “ 0 for every k, and for m ą ´Q, b0 “ 0.
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Example 7.11. Let us assume that apxq is an integrable function over G. Let
P “ apxqA, where A P Sm,Lρ p pGq, 0 ď ρ ď 1, is a positive pseudo-differential
operator of order m ě ´Q. Let us assume that A is an L-elliptic operator which
commutes with L. Because the L2-trace of P is the integral of its kernel on the
diagonal (see [50]), we have
TrpPe´tp1`Lq
q
2 q “
ż
G
ÿ
rξsP pG
Trpapxqσpξqe´txMqpξqqdx “
ż
G
apgqdg ˆTrpAe´tp1`Lq
q
2 q.
This implies that P also admits an asymptotic expansion of the form
TrpPe´tp1`Lq
q
2 q „ t´m`Qq
8ÿ
k“0
akt
k
q ´ b0
q
ż
G
apxqdx logptq, tÑ 0`.
Now, if in Theorem 7.9 we replace the role of the sub-Laplacian L by using the
Laplacian LG on G, we obtain the following corollary.
Corollary 7.12. Let G be a compact Lie group and let us denote by n its di-
mension. For 0 ď δ, ρ ď 1, let us consider an elliptic continuous linear operator
A : C8pGq Ñ D 1pGq with symbol σ P S mρ,δpG ˆ pGq, m P R. Let Bq “ p1 ` LGq q2
be the Bessel potential of order q ą 0. If σpx, rξsq ě 0, for every px, rξsq P Gˆ pG,
then
TrpAe´tBqq „ cm,nt´
n`m
q ˆ
8ż
t
1
q
e´s
m
sn`m´1ds, @t ą 0. (7.13)
In particular, for m “ ´n, we have
TrpAe´tBqq „ ´cn
q
logptq, @t P p0, 1q, (7.14)
while for m ą ´n, we have the asymptotic expansion
TrpAe´tBqq “ t´n`mq
˜
8ÿ
k“0
akt
k
q
¸
, tÑ 0`. (7.15)
Remark 7.13. It is obvious that Corollary 7.12 follows from (7.7) in the case
pρ, δq “ p1, 0q. However, the notion of ellipticity in the Ho¨rmander classes allows
us to extend this kind of asymptotic expansions in the complete range 0 ď δ, ρ ď
1, without the natural assumption δ ă ρ.
Now, we will study regularised traces of the form TrpAψptEqq where t P R,
ψ is a compactly supported real-valued function and E is an L-elliptic positive
left-invariant operator of order q ą 0.
Theorem 7.14. Let G be a compact Lie group and let us denote by Q the Haus-
dorff dimension of G associated to the control distance associated to the sub-
Laplacian L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields satis-
fying the Ho¨rmander condition. For 0 ď δ, ρ ď 1, let us consider an L-elliptic
continuous linear operator A : C8pGq Ñ D 1pGq with symbol σ P Sm,Lρ,δ p pGq, m P R.
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Let E be positive L-elliptic left-invariant operator of order q ą 0. If σpx, rξsq ě 0,
for every px, rξsq P Gˆ pG, then
TrpAψptEqq „ 1
q
8ż
0
ψpsq ˆ ds
s
, @t ą 0, (7.16)
provided that ψ P L1pR`0 ; dss q X C80 pR`0 q, and m “ ´Q. On the other hand, for
m ą ´Q and ψ P C80 pR`0 q, we have
TrpAψptEqq „ t
´ 1
q
pQ`mq
q
8ż
0
ψpsqsQ`mq ˆ ds
s
, @t ą 0. (7.17)
So, we have the asymptotic expansion
TrpAψptEqq “ t´Q`mq
˜
8ÿ
k“0
akt
k
¸
` cQ
q
8ż
0
ψpsqds
s
, tÑ 0`, (7.18)
for m ě ´Q,
Proof. By writing the trace of AψptEq as the integral of its Schwartz kernel at
the diagonal (see [50]), we have
TrpAψptEqq “
ż
G
ÿ
rξsP pG
dξTrrσpx, ξqψpt pEpξqqsdx
“
ż
G
ÿ
rξsP pG
dξTrrσpx, ξqxMpξq´mxMpξqmψpt pEpξqqsdx
—
ÿ
rξsP pG
dξTrrxMpξqmψpt pEpξqqs,
where the last line will be justified by using the L-ellipticity of A and the positivity
of its symbol. Indeed, as in the proof of Theorem 7.9, in a suitable basis of the
representation space we can diagonalise the operator σpx, ξqxMpξq´m, and we can
write in a such basis,
σpx, ξqxMpξq´m “ diagrλjjpx, ξqsdξj“1, xMpξqmψpt pEq “ rΩij,tpξqsdξi,j“1. (7.19)
Now, we can write
TrpAψptEqq “
ÿ
rξsP pG
dξÿ
j,j1“1
dξ
ż
G
λj1j1px, ξqdxˆ Ωj1j,tpξq.
The L-ellipticity of A and the positivity of its symbol, implies that
1 À sup
px,rξsqP pG }σpx, ξq
´1xMpξqm}´1op ď inf
xPG
inf
j1,j1,rξsP pGλj1j1px, ξq
ď sup
px,rξsqP pG }σpx, ξq
xMpξq´m}op “ sup
xPG
sup
j1,j1,rξsP pGλj1j1px, ξq À 1,
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and we consequently deduce the estimate,
TrpAψptEqq —
ÿ
rξsP pG
dξÿ
j,j1“1
dξΩj1j,tpξq.
Because xMpξqmψpt pEpξqq “ rΩij,tpξqsdξi,j“1 is a symmetric matrix written in the
basis that allows to write in a diagonal form the operator σpx, ξqxMpξq´m, we can
find a matrix P pξq such that
xMpξqmψpt pEpξqq “ P pξq´1diagrΛt,jjpξqsdξj“1P pξq,
where Λt,jjpξq is the sequence of eigenvalues of the matrix xMpξqmψpt pEpξqq. Ob-
serve that
dξÿ
j,j1“1
Ωj1j,tpξq “
dξÿ
j,j1“1
rP pξq´1diagrΛt,sspξqsdξs“1P pξqsj1j
“
dξÿ
j,j1,s“1
P pξq´1j1j ˆ Λt,j1j1pξq ˆ P pξqj1s
“ TrrP pξq´1diagrΛt,jjpξqsdξj“1P pξqs “ TrrxMpξqmψpt pEpξqqs.
Now, we will use the Weyl-law for the sub-Laplacian. Observe that in a suitable
basis of the representation spaces the operator pEpξq is diagonal and from the
L-ellipticity of E and its positivity, we have
t pEjjpξq „ tp1` νjjpξq2q q2 , @1 ď j ď dξ.
So, we get,
TrpxMpξqmψpt pEpξqqq
“
8ÿ
k“0
ÿ
rξs:2kďp1`νj1j1 pξq
2q
1
2ă2k`1, @1ďj1ďdξ
dξÿ
j“1
p1` νjjpξq2qm2 ψpt pEjjpξqq
—
8ÿ
k“0
ÿ
rξs:2kďp1`νj1j1 pξq
2q
1
2ă2k`1, @1ďj1ďdξ
dξÿ
j“1
p1` νjjpξq2qm2 ψptp1` νjjpξq2q
q
2 q.
Now, we can deduce that
ÿ
rξs:2kďp1`νj1j1pξq
2q
1
2ă2k`1,@1ďj1ďdξ
dξÿ
j“1
p1` νjjpξq2qm2 ψptp1` νjjpξq2q
q
2 q
—
ÿ
rξs:2kďp1`νj1j1 pξq
2q
1
2ă2k`1, @1ďj1ďdξ
dξ2
kmψpt2kqq,
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and consequently,
TrpxMpξqmψpt pEpξqqq — 8ÿ
k“0
2kmψpt2kqq
ÿ
rξs:2kďp1`νj1j1pξq
2q
1
2ă2k`1,@1ďj1ďdξ
dξ
—
8ÿ
k“0
2kmψpt2kqqNp2kq —
8ÿ
k“0
2kmψpt2kqq2kQ
“
8ÿ
k“0
ψpt2kqq2kpQ`m´1q2k.
Estimating the sums in k as a integral, we have
8ÿ
k“0
ψpt2kqq2kpQ`m´1q2k —
8ż
0
ψptλqqλQ`m´1dλ
“ t
´ 1
q
pQ`mq
q
8ż
0
ψpsqsQ`mq ds
s
.
In particular, for m “ ´Q, we have
TrpxMpξqmψpt pEpξqq „ 1
q
8ż
0
ψpsqds
s
,
provided that the compactly supported function ψ on R`0 belongs to L
1pR`0 , dss q.
Observe that the integral
8ş
0
ψpsqsQ`mq ˆ ds
s
makes sense if ψ is smooth and it has
compact support in p0,8q. However if ψp0q ‰ 0, in order to assure that
8ż
0
ψpsqsQ`mq ˆ ds
s
ă 8, ψ P C80 pR`0 q,
we require the condition 1 ´ Q`m
q
ă 1, or equivalently that Q ` m ą 0. So, in
such a situation, the function
Gpsq :“ sQ`mq TrpxMpξqmψps pEpξqqq, s ą 0,
is real-analytic and we can deduce the asymptotic formula (7.18). Thus, we end
the proof. 
8. Subelliptic global functional calculus and applications
In this section we develop the global functional calculus for subelliptic opera-
tors. The calculus will be applied to obtaining a subelliptic G˚arding inequality
and for studying the Dixmier trace of subelliptic operators.
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8.1. Functions of symbols vs functions of operators. Let a P Sm,Lρ,δ pGˆ pGq
be a parameter L-elliptic symbol of order m ą 0 with respect to the sector Λ Ă C.
For A “ Oppaq, let us define the operator F pAq by the (Dunford-Riesz) complex
functional calculus
F pAq “ ´ 1
2πi
¿
BΛε
F pzqpA´ zIq´1dz, (8.1)
where
(CI). Λε :“ Λ Y tz : |z| ď εu, ε ą 0, and Γ “ BΛε Ă ResolvpAq is a positively
oriented curve in the complex plane C.
(CII). F is an holomorphic function in CzΛε, and continuous on its closure.
(CIII). We will assume decay of F along BΛε in order that the operator (8.1)
will be densely defined on C8pGq in the strong sense of the topology on
L2pGq.
Now, we will compute the matrix-valued symbols for operators defined by this
complex functional calculus.
Lemma 8.1. Let a P Sm,Lρ,δ pGˆ pGq be a parameter L-elliptic symbol of order m ą 0
with respect to the sector Λ Ă C. Let F pAq : C8pGq Ñ D 1pGq be the operator
defined by the analytical functional calculus as in (8.1). Under the assumptions
(CI), (CII), and (CIII), the matrix-valued symbol of F pAq, σF pAqpx, ξq is given
by,
σF pAqpx, ξq “ ´ 1
2πi
¿
BΛε
F pzq pRzpx, ξqdz,
where Rz “ pA´ zIq´1 denotes the resolvent of A, and pRzpx, ξq P S´m,Lρ,δ pGˆ pGq
its symbol.
Proof. From Corollary 7.6, we have that pRzpx, ξq P S´m,Lρ,δ pGˆ pGq. Now, observe
that
σF pAqpx, ξq “ ξpxq˚F pAqξpxq “ ´ 1
2πi
¿
BΛε
F pzqξpxq˚pA ´ zIq´1ξpxqdz.
We finish the proof by observing that pRzpx, ξq “ ξpxq˚pA ´ zIq´1ξpxq, for every
z P ResolvpAq. 
Assumption (CIII) will be clarified in the following theorem where we show
that the subelliptic calculus is stable under the action of the complex functional
calculus.
Theorem 8.2. Let m ą 0, and let 0 ď δ ă ρ ď 1. Let a P Sm,Lρ,δ pG ˆ pGq be
a parameter L-elliptic symbol with respect to Λ. Let us assume that F satisfies
the estimate |F pλq| ď C|λ|s uniformly in λ, for some s ă 0. Then the symbol of
F pAq, σF pAq P Sms,Lρ,δ pGˆ pGq admits an asymptotic expansion of the form
σF pAqpx, ξq „
8ÿ
N“0
σBN px, ξq, px, rξsq P Gˆ pG, (8.2)
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where σBN px, ξq P Sms´pρ´δqN,Lρ,δ pGˆ pGq and
σB0px, ξq “ ´
1
2πi
¿
BΛε
F pzqpapx, ξq ´ zq´1dz P Sms,Lρ,δ pGˆ pGq.
Moreover,
σF pAqpx, ξq ” ´ 1
2πi
¿
BΛε
F pzqa´#px, ξ, λqdz mod S´8,LpGˆ pGq,
where a´#px, ξ, λq is the symbol of the parametrix to A´ λI, in Corollary 7.5.
Proof. First, we need to prove that the condition |F pλq| ď C|λ|s uniformly in λ,
for some s ă 0, is enough in order to guarantee that
σB0px, ξq :“ ´
1
2πi
¿
BΛε
F pzqpapx, ξq ´ zq´1dz,
is a well defined matrix-symbol. From Theorem 7.4 we deduce that papx, ξq´zq´1
satisfies the estimate
}p|z| 1m ` xMpξqqmpk`1qxMpξqρ|α|´δ|β|BkzBpβqX ∆αξ papx, ξq ´ zq´1}op ă 8.
Observe that
}papx, ξq ´ zq´1}op
“ }p|z| 1m ` xMpξqq´mp|z| 1m ` xMpξqqmpapx, ξq ´ zq´1}op
À sup
1ďjďdξ
p|z| 1m ` p1` νjjpξq2q 12 q´m
ď |z|´1,
and the condition s ă 0 impliesˇˇˇˇ
ˇˇ 12πi
¿
BΛε
F pzqpapx, ξq ´ zq´1dz
ˇˇˇˇ
ˇˇ À ¿
BΛε
|z|´1`s|dz| ă 8,
uniformly in px, rξsq P G ˆ pG. In order to check that σB0 P Sms,Lρ,δ pG ˆ pGq let us
analyse the cases ´1 ă s ă 0 and s ď ´1 separately. So, let us analyse first the
situation of ´1 ă s ă 0. We observe that
}xMpξq´ms`ρ|α|´δ|β|BpβqX ∆αξ σB0px, ξq}op
ď C
2π
¿
BΛε
|z|s}xMpξq´ms`ρ|α|´δ|β|BpβqX ∆αξ papx, ξq ´ zq´1}op|dz|.
Now, we will estimate the operator norm inside of the integral. Indeed, the
identity
}xMpξq´ms`ρ|α|´δ|β|BpβqX ∆αξ papx, ξq ´ zq´1}op “
}p|z| 1m ` xMpξqq´mp|z| 1m ` xMpξqqmxMpξq´ms`ρ|α|´δ|β|BpβqX ∆αξ papx, ξq ´ zq´1}op
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implies that
}xMpξq´ms`ρ|α|´δ|β|BpβqX ∆αξ papx, ξq ´ zq´1}op À }p|z| 1m ` xMpξqq´mxMpξq´ms}op
where we have used that
sup
zPBΛε
sup
px,ξq
}p|z| 1m ` xMpξqqmxMpξqρ|α|´δ|β|BpβqX ∆αξ papx, ξq ´ zq´1}op ă 8.
Consequently, by using that s ă 0, we deduce
C
2π
¿
BΛε
|z|s}xMpξqms`ρ|α|´δ|β|BpβqX ∆αξ papx, ξq ´ zq´1}op|dz|
À C
2π
¿
BΛε
|z|s}p|z| 1m ` xMpξqq´mxMpξq´ms}op|dz|
“ C
2π
¿
BΛε
|z|s sup
1ďjďdξ
p|z| 1m ` p1` νjjpξq2q 12 q´mp1` νjjpξq2q´ms2 |dz|.
To study the convergence of the last contour integral we only need to check the
convergence of
ş8
1
rspr 1m `κq´mκ´msdr, where κ ą 1 in a parameter. The change
of variable r “ κmt implies that
8ż
1
rspr 1m ` κq´mκ´msdr “
8ż
κ´m
κ
mstspκt 1m ` κq´mκ´msκmdt “
8ż
κ´m
tspt 1m ` 1q´mdt
À
1ż
κ´m
tsdt`
8ż
1
t´1`s ă 8.
Indeed, for t Ñ 8, tspt 1m ` 1q´m À t´1`s and we conclude the estimate because
8ş
1
t´1`s
1
dt ă 8, for all s1 ă 0. On the other hand, the condition ´1 ă s ă 0
implies that
1ż
κ´m
tsdt “ 1
1` s ´
κ´mp1`sq
1` s “ Op1q.
In the case where s ď ´1, we can find an analytic function G˜pzq such that it is
a holomorphic function in CzΛε, and continuous on its closure and additionally
satisfying that F pλq “ G˜pλq1`r´ss.19 In this case, G˜pAq defined by the complex
functional calculus
G˜pAq “ ´ 1
2πi
¿
BΛε
G˜pzqpA ´ zIq´1dz, (8.3)
19 r´ss denotes the integer part of ´s.
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has symbol belonging to S
sm
1`r´ss
,L
ρ,δ pGˆ pGq because G˜ satisfies the estimate |Gpλq| ď
C|λ| s1`r´ss , with ´1 ă s
1`r´ss
ă 0. By observing that
σF pAqpx, ξq “ ´ 1
2πi
¿
BΛε
F pzq pRzpx, ξqdz “ ´ 1
2πi
¿
BΛε
G˜pzq1`r´ss pRzpx, ξqdz
“ σG˜pAq1`r´sspx, ξq,
and computing the symbol σG˜pAq1`r´sspx, ξq by iterating 1`r´ss-times the asymp-
totic formula for the composition in the subelliptic calculus (see Corollary 4.34),
we can see that the term with higher order in such expansion is σG˜pAqpx, ξq1`r´ss P
S
ms,L
ρ,δ pGˆ pGq. Consequently we have proved that σF pAqpx, ξq P Sms,Lρ,δ pGˆ pGq. This
completes the proof for the first part of the theorem. For the second part of the
proof, let us denote by a´#px, ξ, λq the symbol of the parametrix to A ´ λI, in
Corollary 7.5. Let Pλ “ Oppa´#p¨, ¨, λqq. Because λ P ResolvpAq for λ P BΛε,
pA ´ λq´1 ´ Pλ is an smoothing operator. Consequently, from Lemma 8.1 we
deduce that
σF pAqpx, ξq
“ ´ 1
2πi
¿
BΛε
F pzq pRzpx, ξqdz
“ ´ 1
2πi
¿
BΛε
F pzqa´#px, ξ, zqdz ´ 1
2πi
¿
BΛε
F pzqp pRzpx, ξq ´ a´#px, ξ, zqqdz
” ´ 1
2πi
¿
BΛε
F pzqa´#px, ξ, zqdz mod S´8,LpGˆ pGq.
The asymptotic expansion (8.2) came from the construction of the parametrix in
the subelliptic calculus (see Proposition 7.1). 
8.2. G˚arding inequality. In this section we will prove the G˚arding inequality
for the subelliptic calculus. To do so, we need some preliminary propositions.
Proposition 8.3. Let 0 ď δ ă ρ ď 1. Let a P Sm,Lρ,δ pG ˆ pGq be an L-elliptic
matrix-valued symbol where m ě 0 and let us assume that a is positive definite.
Then a is parameter-elliptic with respect to R´ :“ tz “ x ` i0 : x ă 0u Ă C.
Furthermore, for any number s P C,pBpx, ξq ” apx, ξqs :“ expps logpapx, ξqqq, px, rξsq P Gˆ pG,
defines a symbol pBpx, ξq P SmˆRepsq,Lρ,δ pGˆ pGq.
Proof. From the estimates
sup
px,rξsq
}xMpξq´mapx, ξq}op ă 8, sup
px,rξsq
}xMmpξqapx, ξq´1}op ă 8,
we deduce that
sup
xPG
}apx, ξq}op — }xMpξqm}op, sup
xPG
}apx, ξq´1}op — }xMpξq´m}op.
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Consequently we have
}xMpξqm}´1op sup
xPG
}apx, ξq}op — 1, }xMpξq´m}´1op sup
xPG
}apx, ξq´1}op — 1,
from which we deduce that
}xMpξq´m}´1op Spectrumpapx, ξqq Ă rc, Cs,
where c, C ą 0 are positive real numbers. The matrix apx, rξsq is normal, so that
for every λ P R´ we have
}p|λ| 1m ` xMpξqqmpapx, ξq ´ λq´1}op
— }p|λ| 1m ` xMpξqqmpxMpξqm ´ λq´1pxMpξqm ´ λqpapx, ξq ´ λq´1}op
À }p|λ| 1m ` xMpξqqmpxMpξqm ´ λq´1}op}pxMpξqm ´ λqpapx, ξq ´ λq´1}op
À }p|λ| 1m ` xMpξqqmpxMpξqm ´ λq´1}op.
Let us note that the condition m ě 0, implies that }xMpξq´m}op ď 1. So, if
|λ| P r0, 1{2s, then
|λ|}xMpξq´m}op ď 1{2,
which implies that for all 0 ď |λ| ď 1{2, p1 ´ λxMpξq´mq is invertible and from
the first von-Neumann identity,
}p1´ λxMpξq´mq´1}op ď p1´ }λxMpξq´m}opq´1 “ p1´ |λ|}xMpξq´m}opq´1 ď 2.
Now, fixing again |λ| P R´ observe that from the compactness of r0, 1{2s we
deduce that
sup
0ď|λ|ď1{2
}p|λ| 1m ` xMpξqqmpxMpξqm ´ λq´1}op — sup
0ď|λ|ď1{2
}xMpξqmpxMpξqm ´ λq´1}op
— sup
0ď|λ|ď1{2
}pIdξ ´ λxMpξq´mq´1}op
À 1,
where in the last line we have used the continuity of the function Upλq :“ }pIdξ ´
λxMpξq´mq´1}op, and the fact that it is bounded on r0, 1{2s. On the other hand,
sup
|λ|ě1{2
}p|λ| 1m ` xMpξqqmpxMpξqm ´ λq´1}op
“ sup
|λ|ě1{2
}p|λ| 1m xMpξq´1 ` IdξqmpIdξ ´ xMpξq´mλq´1}op
“ sup
|λ|ě1{2
}pxMpξq´1 ` |λ|´ 1m Idξqm|λ|pIdξ ´ xMpξq´mλq´1}op
À sup
|λ|ě1{2
}xMpξq´m|λ|p´λq´1xMpξqm}op
“ 1.
So, we have proved that a is parameter-elliptic with respect to R´. To prove
that pBpx, ξq P SmˆRepsq,Lρ,δ pG ˆ pGq, we can observe that for Repsq ă 0, we can
apply Theorem 8.2. If Repsq ě 0, we can find k P N such that Repsq ´ k ă 0 and
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consequently from the spectral calculus of matrices we deduce that apx, ξqRepsq´k P
S
mˆpRepsq´kq,L
ρ,δ pGˆ pGq. So, from the calculus we conclude that
apx, ξqs “ apx, ξqs´kapx, ξqk P SmˆRepsq,Lρ,δ pGˆ pGq.
Thus the proof is complete. 
Corollary 8.4. Let 0 ď δ ă ρ ď 1. Let a P Sm,Lρ,δ pG ˆ pGq, be an L-elliptic
symbol where m ě 0 and let us assume that a is positive definite. Then pBpx, ξq ”
apx, ξq 12 :“ expp1
2
logpapx, ξqqq P S
m
2
,L
ρ,δ pGˆ pGq.
Now, let us assume that
Apx, ξq :“ 1
2
papx, ξq ` apx, ξq˚q, px, rξsq P Gˆ pG, a P Sm,Lρ,δ pGˆ pGq,
satisfies
}xMpξqmApx, ξq´1}op ď C0. (8.4)
Observe that (8.4) implies that
λpx, ξq :“ inftλ˜px, rξsq´1 : detpxMpξq´mApx, ξq ´ λ˜px, ξqIdξq “ 0u ď C0.
So, λpx, ξq´1 ě 1
C0
and consequently
xMpξq´mApx, ξq ě 1
C0
Idξ .
This implies that
Apx, ξq ě 1
C0
xMpξqm,
and for C1 P p0, 1C0 q we have that
Apx, ξq ´ C1xMpξqm ě ˆ 1
C0
´ C1
˙ xMpξqm ą 0.
If 0 ď δ ă ρ ď 1, from Corollary 8.4, we have that
qpx, ξq :“ pApx, ξq ´ C1xMpξqmq 12 P Sm2 ,Lmintρ,1{κu,δpGˆ pGq.
From the symbolic calculus we obtain
qpx, ξqqpx, ξq˚ “ Apx, ξq ´ C1 xMpξqm ` rpx, ξq, rpx, ξq P Sm´pρ´δq,Lmintρ,1{κu,δpGˆ pGq.
Now, let us assume that u P C8pGq. Then we have
Repapx,Dqu, uq “ 1
2
ppapx,Dq ` oppa˚qqu, uq
“ C1pMmu, uq ` pqpx,Dqqpx,Dq˚u, uq ` prpx,Dqu, uq
“ C1pMmu, uq ` pqpx,Dq˚u, qpx,Dq˚uq ´ prpx,Dqu, uq
ě C1}u}L2,Lm
2
pGq ´ prpx,Dqu, uq
“ C1}u}L2,Lm
2
pGq ´ pM´m´pρ´δq
2
rpx,Dqu,Mm´pρ´δq
2
uq.
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Observe that
pM
´m´pρ´δq
2
rpx,Dqu,Mm´pρ´δq
2
uq ď }M
´m´pρ´δq
2
rpx,Dqu}L2pGq}u}L2,L
m´pρ´δq
2
pGq
“ }rpx,Dqu}
L
2,L
´
m´pρ´δq
2
pGq}u}L2,L
m´pρ´δq
2
pGq
ď C1}u}L2,L
m´pρ´δq
2
pGq}u}L2,L
m´pρ´δq
2
pGq,
where in the last line we have used the subelliptic Sobolev boundedness of rpx,Dq
from L2,Lm´pρ´δq
2
pGq into L2,L
´m´pρ´δq
2
pGq, in view of Corollary 6.11. Consequently, we
deduce the lower bound
Repapx,Dqu, uq ě C1}u}L2,Lm
2
pGq ´ C}u}2L2,L
m´pρ´δq
2
pGq
.
If we assume for a moment that for every ε ą 0, there exists Cε ą 0, such that
}u}2
L
2,L
m´pρ´δq
2
pGq
ď ε}u}2
L
2,L
m
2
pGq
` Cε}u}2L2pGq, (8.5)
for 0 ă ε ă C1 we have
Repapx,Dqu, uq ě pC1 ´ εq}u}L2,Lm
2
pGq ´ Cε}u}2L2pGq.
So, with the exception of the proof of (8.5) we have deduced the following estimate
which is the main result of this subsection.
Theorem 8.5 (Subelliptic G˚arding inequality). Let G be a compact Lie group and
let us denote by Q the Hausdorff dimension of G associated to the control distance
associated to the sub-Laplacian L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of
vector fields satisfying the Ho¨rmander condition. For 0 ď δ ă ρ ď 1, δ ă 1{κ, let
apx,Dq : C8pGq Ñ D 1pGq be an operator with symbol a P Sm,Lρ,δ pG ˆ pGq, m P R.
Let us assume that
Apx, ξq :“ 1
2
papx, ξq ` apx, ξq˚q, px, rξsq P Gˆ pG, a P Sm,Lρ,δ pGˆ pGq,
satisfies
}xMpξqmApx, ξq´1}op ď C0.
Then, there exist C1, C2 ą 0, such that the lower bound
Repapx,Dqu, uq ě C1}u}L2,Lm
2
pGq ´ C2}u}2L2pGq, (8.6)
holds true for every u P C8pGq.
In view of the analysis above, for the proof of Theorem 8.5 we only need to
proof (8.5). However we will deduce it from the following more general lemma.
Lemma 8.6. Let us assume that s ě t ě 0 or that s, t ă 0. Then, for every
ε ą 0, there exists Cε ą 0 such that
}u}2
L
2,L
t pGq
ď ε}u}2
L
2,L
s pGq
` Cε}u}2L2pGq, (8.7)
holds true for every u P C8pGq.
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Proof. Let ε ą 0. Then, there exists Cε ą 0 such that
p1` νiipξq2qt ´ εp1` νiipξq2qs ď Cε,
uniformly in rξs P pG. Then (8.7) it follows from the Plancherel theorem. Indeed,
}u}2
L
2,L
t
2
pGq
“
ÿ
rξsP pG
dξ
dξÿ
i,j“1
p1` νiipξq2qt|puijpξq|2
ď
ÿ
rξsP pG
dξ
dξÿ
i,j“1
pεp1` νiipξq2qs ` Cεq|puijpξq|2
“ ε}u}2
L
2,L
s pGq
` Cε}u}2L2pGq,
completing the proof. 
Corollary 8.7. Let G be a compact Lie group and let us denote by Q the Haus-
dorff dimension of G associated to the control distance associated to the sub-
Laplacian L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields satisfy-
ing the Ho¨rmander condition. Let apx,Dq : C8pGq Ñ D 1pGq be an operator with
symbol a P Sm,Lρ,δ pGˆ pGq, m P R, 0 ď δ ă ρ ď 1, δ ă 1{κ. Let us assume that
apx, ξq ě 0, px, rξsq P Gˆ pG,
satisfies
}xMpξqmapx, ξq´1}op ď C0.
Then, there exist C1, C2 ą 0, such that the lower bound
Repapx,Dqu, uq ě C1}u}L2,Lm
2
pGq ´ C2}u}2L2pGq, (8.8)
holds true for every u P C8pGq.
8.3. Dixmier traces. Now, we will apply the subelliptic functional calculus to
study the membership of subelliptic operators in the Dixmier ideal on L2pGq.
By following Connes [35], if H is a Hilbert space (we are interested in H “
L2pGq for instance), the class Lp1,8qpHq consists of those compact linear operators
A P LpHq satisfying ÿ
1ďnďN
snpAq “ OplogpNqq, N Ñ8, (8.9)
where tsnpAqu denotes the sequence of singular values of A, i.e. the square roots
of the eigenvalues of the non-negative self-adjoint operator A˚A. So, Lp1,8qpHq is
endowed with the norm
}A}Lp1,8qpHq “ sup
Ně2
1
logpNq
ÿ
1ďnďN
snpAq. (8.10)
We define the functional
TrωpAq :“ lim
NÑ8
1
logpNq
ÿ
1ďnďN
snpAq,
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for the family of bounded operators A in Lp1,8qpHq (see [35] or [51]). Our starting
point is the following lemma.
Lemma 8.8. Let G be a compact Lie group and let us denote by Q the Hausdorff
dimension of G associated to the control distance associated to the sub-Laplacian
L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields satisfying the
Ho¨rmander condition. For 0 ď ρ ď 1, let us consider a positive left-invariant L-
elliptic continuous linear operator A : C8pGq Ñ D 1pGq with symbol σ P Sm,Lρ p pGq,
m P R. Let us assume that A commutes with L. Then, A belongs to the Dixmier
ideal L 1,8pL2pGqq if and only if m ď ´Q. If A ‰ 0, TrwpAq — 1Q for m “ ´Q,
and for m ă ´Q, TrwpAq “ 0.
Proof. Let us use the positivity of A computing the Dixmier trace of A from the
identity (see e.g. Sukochev and Usachev [117, page 35])
TrwpAq “ lim
pÑ1`
pp´ 1qTrpApq.
At the level of symbols, if A commutes with L, for every rξs P pG, σpξq commutes
with pLpξq and consequently, σpξq and pLpξq are simultaneously diagonalisable on
every representation space. So, in a suitable basis of the representation space we
can write,
σpξq “ diagrσjjpξqsdξj“1, pLpξq “ diagrp1` νjjpξq2q 12 sdξj“1,
where σjjpξq, 1 ď k ď dξ, is the system of positive eigenvalues of σpξq, rξs P pG.
The spectral mapping theorem implies that
spectrumpApq “ tσjjpξqp : 1 ď j ď dξ, rξs P pGu.
So, we have
TrpApq “
ÿ
rξsP pG
dξÿ
j“1
σjjpξqp,
The L-ellipticity of A, implies that,
sup
1ďjďdξ
σjjpξq´1p1` νjjpξq2qm2 “ }σpξq´1xMpξq}op ď sup
rξsP pG }σpξq
´1xMpξq}op ă 8.
Consequently,
inf
1ďjďdξ
σjjpξqp1` νjjpξq2q´m2 ě sup
rξsP pG }σpξq
´1xMpξqm}´1op .
Now, observe that from the hypothesis σ P Sm,Lρ p pGq we have,
sup
1ďjďdξ
σjjpξqp1` νjjpξq2q´m2 ď sup
rξsP pG }σpξq
xMpξq´m}op.
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These inequalities imply that
TrpApq “
ÿ
rξsP pG
dξÿ
j“1
σjjpξqpp1` νjjpξq2q´
pm
2 p1` νjjpξq2q
mp
2
—
ÿ
rξsP pG
dξÿ
j“1
p1` νjjpξq2qmp2
“ Trpp1` Lqmp2 q.
Now, as in the previous section, we will use the Weyl-law for the sub-Laplacian
(see Remark 4.21). Observe that,
Trpe´tp1`Lq
m
2 q “
8ÿ
k“0
ÿ
rξs:2kďp1`νj1j1pξq
2q
1
2ă2k`1,@1ďj1ďdξ
dξÿ
j“1
p1` νjjpξq2q
mp
2 .
Because,
dξÿ
j“1
p1` νjjpξq2q
mp
2 — dξ2kmp,
we have
Trpp1` Lqmp2 q “
8ÿ
k“0
2kmp
ÿ
rξs:2kďp1`νj1j1 pξq
2q
1
2ă2k`1, @1ďj1ďdξ
dξ
“
8ÿ
k“0
2kmpNp2kq “
8ÿ
k“0
e2
kmp
2kQ
“
8ÿ
k“0
2kmp2kpQ´1q2k.
Observe that
8ÿ
k“0
2kpQ`mp´1q2k —
8ż
1
λQ`mp´1dλ ă 8,
for all p ą 1, if and only if m ď ´Q. So, from the identity
8ż
1
λQ`mp´1dλ “ ´ 1
Q`mp.
we deduce that
TrwpAq — lim
pÑ1`
pp´ 1q ˆ p´1q
Q `mp “ δm,Q ˆ
1
Q
, m ď ´Q,
where δm,Q is the Kronecker delta. Thus, we end the proof. 
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Lemma 8.9. Let G be a compact Lie group and let us denote by Q the Hausdorff
dimension of G associated to the control distance associated to the sub-Laplacian
L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields satisfying the
Ho¨rmander condition. For 0 ď ρ ď 1, let us consider a positive left-invariant L-
elliptic continuous linear operator A : C8pGq Ñ D 1pGq with symbol σ P Sm,Lρ p pGq,
m P R. Then, A belongs to the Dixmier ideal L 1,8pL2pGqq if and only ifm ď ´Q.
If A ‰ 0, TrwpAq — 1Q for m “ ´Q, and for m ă ´Q, TrwpAq “ 0.
Proof. Let us fix p ą 1. We will compute the trace of Ap using the formula,
TrpApq “
ÿ
rξsP pG
dξTrrxAppξqs.
From the positivity of A, in a suitable basis of the representation space we can
diagonalise the operator σpξqxMpξq´m, and we can write in a such basis,
σpξqpxMpξq´mp “ diagrλjjpξqsdξj“1, xMpξqmp “ rΩijpξqsdξi,j“1. (8.11)
Now, we can write
TrpApq “
ÿ
rξsP pG
dξTrrσpξqpxMpξq´mpxMpξqmpsdx
“
ÿ
rξsP pG
dξÿ
j,j1“1
dξλj1j1pξqΩjj1pξq.
The L-ellipticity of A implies the L-ellipticity of Ap and the positivity of its
symbol, implies that
sup
rξsP pG }σpξq
´pxMpξqmp}´1op ď inf
j1,j1,rξsP pGλj1j1pξq
ď sup
j1,j1,rξsP pGλj1j1pξq
“ sup
rξsP pG }σpξq
pxMpξq´pm}op,
from which we deduce the following estimate,
TrpAq —
ÿ
rξsP pG
dξÿ
j,j1“1
dξΩjj1pξq.
Because xMpξqmp “ rΩijpξqsdξi,j“1 is a symmetric matrix written in the basis that
allows to write in a diagonal form the operator σpξqpxMpξq´mp, we can find a
matrix P pξq such that
xMpξqmp “ P pξq´1diagrp1` νjjpξq2qmp2 sdξj“1P pξq,
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and
dξÿ
j,j1“1
Ωj1jpξq “
dξÿ
j,j1“1
rP pξq´1diagrp1` νsspξq2q
mp
2 sdξs“1P pξqsj1j
“
dξÿ
j,j1,s“1
P pξq´1j1j p1` νj1j1pξq2q
mp
2 P pξqj1s
“ TrrP pξq´1diagrp1` νjjpξq2q
mp
2 sdξj“1P pξqs “ TrrxMpξqmps.
Consequently, from Lemma 8.8 we deduce that
TrpApq — Trpp1` Lqmp2 q,
from which we deduce that
TrwpAq — Trwpp1` Lq
mp
2 q “ 1
Q
δm,Q, m ď ´Q.
Thus, we end the proof. 
Corollary 8.10. For 0 ď δ ă ρ ď 1, δ ă 1
κ
, let us consider a continuous linear
operator A : C8pGq Ñ D 1pGq with symbol σ P Sm,Lρ,δ pGˆ pGq, with m ă ´Q. Then
TrwpAq “ 0.
Proof. We will use the notation snpT q, n P N0, for the sequence of singular values
of a compact operator T on a Hilbert space H. Then, the following inequality
holds (see [12, Page 75]): snpCBq ď }C}opsnpBq, for C a bounded linear operator
and B a compact linear operator. From the definition of the functional Trw,
we conclude easily that 0 ď TrwpCBq ď }C}opTrwpBq. Now, let us use this
inequality in our setting. From the subelliptic Caldero´n-Vaillancourt Theorem,
we have that AM´m P S0,Lmintρ,1{κu,δpG ˆ pGq extends to a bounded operator on
L2pGq, where M :“ p1` Lq 12 . Consequently,
0 ď TrwpAM´mMmq ď }AM´m}BpL2pGqqTrwpMmq “ 0,
where we have used that TrwpMmq “ 0 in view of Lemma 8.9. This implies that
TrwpAq “ 0. The proof is complete. 
Theorem 8.11. Let G be a compact Lie group and let us denote by Q the Haus-
dorff dimension of G associated to the control distance associated to the sub-
Laplacian L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields satisfying
the Ho¨rmander condition. For 0 ď δ ă ρ ď 1, δ ă 1
κ
, let us consider an L-elliptic
continuous linear operator A : C8pGq Ñ D 1pGq with symbol σ P Sm,Lρ,δ pG ˆ pGq,
m P R. Let us assume that σpx, rξsq ě 0, for every px, rξsq P G ˆ pG. If A ‰ 0,
TrwpAq — 1Q for m “ ´Q, and for m ă ´Q, TrwpAq “ 0.
Proof. For every z P G, let us consider the Fourier multiplier associated to the
symbol σpz, ¨q, Az which satisfies the hypothesis in Lemma 8.9. Indeed, σpz, rξsq ě
0, for every rξs implies that Az is also positive and the L-ellipticity of A implies
the L-ellipticity of Az for every z P G. Observe that from the functional calculus
Ap “ Oprpx, ξq ÞÑ σpx, ξqps `Rp, (8.12)
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where Rp is a subelliptic pseudo-differential operator of order mp ´ 1. Because
m ď ´Q, and pÑ 1`, from Corollary 8.10, we deduce that TrwpRpq “ 0. Indeed,
the subelliptic order of Rp is mp´ 1 ă ´Q. So, note that
TrwpApq “ TrwpOprpx, ξq ÞÑ σpx, ξqpsq `TrwpRpq
“ TrwpOprpx, ξq ÞÑ σpx, ξqpsq.
Observe that, integrating on the diagonal of the Schwartz kernel of Oprpx, ξq ÞÑ
σpx, ξqps, (see [50]), we have
TrwpOprpx, ξq ÞÑ σpx, ξqpsq “ lim
pÑ1`
pp´ 1q
ż
G
ÿ
rξsP pG
dξTrrσpz, ξqpsdz
“
ż
G
lim
pÑ1`
pp ´ 1q
ÿ
rξsP pG
dξTrrσpz, ξqpsdz “
ż
G
TrwrOprrξs ÞÑ σpz, ξqssdz
—
ż
G
1
Q
δm,Qdz “ 1
Q
δm,Q.
Thus, we end the proof. 
Remark 8.12. Other results about the classification of the Dixmier trace of pseudo-
differential operators on compact manifolds, with or without boundary (or on the
lattice Zn) can be found in [28, 29] and [30].
8.4. Subelliptic operators in Schatten classes in L2pGq. As a consequence
of our analysis on the Dixmier traceability of subelliptic operators we will explain
its consequences in the classification of subelliptic operators in Schatten classes.
Let us record that, if A is a compact operator on a Hilbert space H and tsnpAqu
denotes the sequence of its singular values, the Schatten von-Neumann class of
order r ą 0, SrpHq, consists of all compact operators A on H such that
}A}SrpHq :“
˜
8ÿ
n“0
snpAqr
¸ 1
r
ă 8.
Let us recall that the following inequality holds (see e.g. [12, Page 75]): snpCBq ď
}C}opsnpBq, for a bounded linear operator C and a compact linear operator B.
Corollary 8.13. Let G be a compact Lie group and let us denote by Q the Haus-
dorff dimension of G associated to the control distance associated to the sub-
Laplacian L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields satisfying
the Ho¨rmander condition. Let 0 ď δ ă ρ ď 1, δ ă 1{κ, (or let 0 ď δ ď ρ ă 1{2κ)
and let r ą 0. If T P OppS´m,Lρ,δ pG ˆ pGqq, then T P SrpL2pGqq if m ą Q{r, and
this condition on the order is sharp.
Proof. Indeed, the inequality
snpT q “ snpTMmM´mq ď }TMm}BpL2pGqqsnpM´mq,
implies that
}T }SrpL2pGqq ď }TMm}BpL2pGqq}M´m}SrpL2pGqq “ }TMm}BpL2pGqq}M´mr}
1
r
S1pL2pGqq
.
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We can use the subelliptic Caldero´n-Vaillancourt Theorem (see Theorem 4.29) to
deduce that }TMm}BpL2pGqq ă 8. Because of Corollary 8.10, TrwpM´mrq “ 0,
for mr ą Q, which means that m ą Q{r. But, it is well known that the Dixmier
functional Trw vanishes on the Schatten class of order r “ 1, (see e.g. Connes
[35]). This fact, that m ą r{Q and Corollary 8.10 implies that }M´mr}S1pL2pGqq ă
8, which implies that }T }SrpL2pGqq ă 8. The sharpness of the order m “ Q{r, can
be explained as follows. For T “M´Q{r P OppS´Q{r,L1
κ
,0
pGˆ pGqq, (see Remark 4.35)
then from Theorem 8.11, TrwpT rq — 1{Q, which certainly implies (see Connes
[35]) that, }M´Q}S1pL2pGqq “ }M´Q{r}rSrpL2pGqq “ 8. 
A complete investigation about the spectral trace of global operators on com-
pact Lie groups can be found in [47, 48, 49, 50].
8.5. Compactness and Gohberg lemma. In this subsection, the compactness
of subelliptic pseudo-differential operators is discussed. So, we will deduce neces-
sary conditions for the compactness of subelliptic pseudo-differetial operators by
using the Gohberg Lemma proved for arbitrary compact Lie groups in [45]. Go-
hberg lemmas are results about the compactness of continuous linear operators.
In the case of a compact Lie group G, a left-invariant operator with subelliptic
negative order is compact on L2pGq, (as a consequence of the Plancherel theorem).
We will explain why a similar result is valid for pseudo-differential operators. The
original Gohberg Lemma was proved by Israel Gohberg in his investigation of in-
tegral operators with kernels (see [72]), and its version on L2pS1q was proved by
[91] and it was extended to LppS1q, 1 ă p ă 8, in [124]. The Gohberg Lemma
for compact Lie groups was obtained in [45] and it was generalised for Lp-spaces
on compact manifolds (with or without boundary), for the pseudo-differential
calculus developed by the second author and Tokmagambetov (see [105, 106]), in
[110]. Let us record (see Theorem 3.1 in [45], but for the following statement see
Remark 4.2 of [45]) the following theorem.
Theorem 8.14. Let A : C8pGq Ñ D 1pGq be a continuous linear operator ad-
mitting a bounded extension on L2pGq. If the matrix valued symbol of A, apx, ξq
satisfies the following conditions
}apx, ξq}op ` }BpαqX apx, ξq}op ď C, }∆βξ apx, ξq}op ď Cxξy´ǫ, (8.13)
where α, β P N0, |α| “ |β| “ 1 and for some ǫ P p0, 1q, then for all compact
operators K on L2pGq,
}A´K}BpL2pGqq ě dmin,
where
dmin :“ lim sup
xξyÑ8
sup
xPG
}apx, ξqapx, ξq˚}min
}apx, ξq}op À lim supxξyÑ8 supxPG }apx, ξq}op,
with }apx, ξqapx, ξq˚}min :“ mintλ ě 0 : detpapx, ξqapx, ξq˚ ´ λIdξq “ 0}.
As a consequence of Theorem 8.14 we have:
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Corollary 8.15. Let A : C8pGq Ñ D 1pGq be a continuous linear operator ad-
mitting a bounded extension on L2pGq. If the matrix valued symbol of A, apx, ξq
satisfies the following conditions
}apx, ξq}op ` }BpαqX apx, ξq}op ď C, }xMpξqτ∆βξ apx, ξq}op ď C,
where α, β P N0, |α| “ |β| “ 1 and for some τ P p0, 1q, then for all compact
operators K on L2pGq,
}A´K}BpL2pGqq ě dmin.
Proof. In view of Theorem 8.14, we only need to prove that the condition
}xMpξqτ∆βξ apx, ξq}op ď C,
implies the existence of ǫ ą 0, such that the second inequality in the right hand
side of (8.13) holds true. Indeed, observe that for |β| “ 1,
}∆βξ apx, ξq}op “ }xMpξq´τ xMpξqτ∆βξ apx, ξq}op
ď C}xMpξq´τ}op ď xξy´ τκ ,
so, we can pick ǫ “ τ
κ
in order to use Theorem 8.14. The proof is complete. 
Remark 8.16. If A satisfying the hypothesis in Corollary 8.15 admits a compact
linear extension on L2pGq, then dmin “ 0. By observing the approach in [110] we
expect that the condition lim supxξyÑ8 supxPG }apx, ξq}op “ 0 implies that A is
compact on LppGq for all 1 ă p ă 8. However, the characterisation of the Lp-
compactness of subelliptic pseudo-differential operators is still an open problem.
9. Global solvability for evolution problems associated to
subelliptic operators
The subelliptic pseudo-differential calculus developed for every subelliptic Lapla-
cian will be applied in this section in a relevant problem of PDE, the global solv-
ability of parabolic and hyperbolic/parabolic problems, in this case associated
to subelliptic pseudo-differential operators. More precisely, we will study the
existence and uniqueness for the following Cauchy problem
pPVIq :
#
Bv
Bt
“ Kpt, x,Dqv ` f, v P D 1pp0, T q ˆGq,
vp0q “ u0,
(9.1)
where the initial data u0 P L2pGq, Kptq :“ Kpt, x,Dq P Cpr0, T s, Sm,Lρ,δ pG ˆ pGqq,
f P L2pr0, T sˆGq » L2pr0, T s, L2pGqq, m ą 0, and a suitable positivity condition
is imposed on K. Indeed, we will assume that
RepKptqq :“ 1
2
pKptq `Kptq˚q, 0 ď t ď T, 20
is L-elliptic. Under such assumptions we will prove the existence and uniqueness
of a solution v P C1pr0, T s, L2pGqq X Cpr0, T s, Hm,LpGqq. We will start with the
following energy estimate.
20 This means that A “ Kptq is strongly L-elliptic.
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Theorem 9.1. Let Kptq “ Kpt, x,Dq P Cpr0, T s, Sm,Lρ,δ pG ˆ pGqq, 0 ď δ ă ρ ď 1,
δ ă 1{κ, be a subelliptic pseudo-differential operator of order m ą 0, and let
us assume that RepKptqq is L-elliptic, for every t P r0, T s with T ą 0. If v P
C1pr0, T s, L2pGqq X Cpr0, T s, Hm,LpGqq, then there exist C,C 1 ą 0, such that
}vptq}L2pGq ď
¨˝
C}vp0q}2L2pGq ` C 1
Tż
0
}pBt ´Kpτqqvpτq}2L2pGqdτ‚˛, (9.2)
holds for every 0 ď t ď T. Moreover, we also have the estimate
}vptq}L2pGq ď
¨˝
C}vpT q}2L2pGq ` C 1
Tż
0
}pBt ´Kpτq˚qvpτq}2L2pGqdτ‚˛. (9.3)
Proof. Let v P C1pr0, T s, L2pGqq X Cpr0, T s, Hm,LpGqq. Let us start by observing
that v P Cpr0, T s, Hm2 ,LpGqq because of the embedding Hm,L ãÑ H m2 ,L. This fact
will be useful later because we will use the G˚arding inequality applied to the
operator RepKptq. So, v P DompBτ ´Kpτqq for every 0 ď τ ď T. In view of the
embedding Hm,L ãÑ L2pGq, we also have that v P Cpr0, T s, L2pGqq. Let us define
fpτq :“ Qpτqvpτq, Qpτq :“ pBτ ´Kpτqq, for every 0 ď τ ď T. Observe that
d
dt
}vptq}2L2pGq “
d
dt
pvptq, vptqqL2pGq
“
ˆ
dvptq
dt
, vptq
˙
L2pGq
`
ˆ
vptq, dvptq
dt
˙
L2pGq
“ pKptqvptq ` fptq, vptqqL2pGq ` pvptq, Kptqvptq ` fptqqL2pGq
“ ppKptq `Kptq˚qvptq, vptqqL2pGq ` 2Repfptq, vptqqL2pGq
“ p2ReKptqvptq, vptqqL2pGq ` 2Repfptq, vptqqL2pGq.
Now, from the subelliptic G˚arding inequality,
Rep´Kptqvptq, vptqq ě C1}vptq}Hm2 ,LpGq ´ C2}vptq}2L2pGq, (9.4)
and the parallelogram law, we have
2Repfptq, vptqqL2pGq ď 2Repfptq, vptqqL2pGq ` }fptq}2L2pGq ` }vptq}2L2pGq
“ }fptq ` vptq}2 ď }fptq ` vptq}2 ` }fptq ´ vptq}2
“ 2}fptq}2L2pGq ` 2}vptq}2L2pGq,
and consequently
d
dt
}vptq}2L2pGq
ď 2
´
C2}vptq}2L2pGq ´ C1}vptq}Hm2 ,LpGq
¯
` 2}fptq}2L2pGq ` 2}vptq}2L2pGq.
So, we have proved that
d
dt
}vptq}2L2pGq À }fptq}2L2pGq ` }vptq}2L2pGq.
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By using Gronwall’s Lemma we obtain the energy estimate
}vptq}2L2pGq ď
¨˝
C}vp0q}2L2pGq ` C 1
Tż
0
}fpτq}2L2pGqdτ‚˛, (9.5)
for every 0 ď t ď T, and T ą 0. To finish the proof, we can change the analysis
above with vpT ´¨q instead of vp¨q, fpT ´¨q instead of fp¨q and Q˚ “ ´Bt´Kptq˚,
(or equivalently Q “ Bt ´ Kptq ) instead of Q˚ “ ´Bt ` Kptq˚ (or equivalently
Q “ Bt ´Kptq) using that RepKpT ´ tq˚q “ RepKpT ´ tqq to deduce that
}vpT ´ tq}2L2pGq
ď
¨˝
C}vpT q}2L2pGq ` C 1
Tż
0
}p´Bt `KpT ´ tq˚qvpT ´ τq}2L2pGqdτ‚˛
“
¨˝
C}vpT q}2L2pGq ` C 1
Tż
0
}p´Bt ´Kptq˚qvpsq}2L2pGqds‚˛.
So, we conclude the proof. 
Theorem 9.2. Let Kptq “ Kpt, x,Dq P Cpr0, T s, Sm,Lρ,δ pG ˆ pGqq, 0 ď δ ă ρ ď
1, δ ă 1{κ, be a subelliptic pseudo-differential operator of order m ą 0, and
let us assume that RepKptqq is L-elliptic, for every t P r0, T s with T ą 0. Let
f P L2pr0, T s, L2pGqq, and let u0 P L2pr0, T s, L2pGqq. Then there exists a unique
v P C1pr0, T s, L2pGqq X Cpr0, T s, Hm,LpGqq solving (9.1). Moreover, v satisfies
the energy estimate
}vptq}2L2pGq ď
´
C}u0}2L2pGq ` C 1}f}2L2pr0,T s,L2pGqq
¯
, (9.6)
for every 0 ď t ď T.
Proof. Let us denote by Q “ Bt ´Kptq, and let us introduce the spaces
E :“ tφ P C1pr0, T s, L2pGqq X Cpr0, T s, Hm,LpGqq : φpT q “ 0u,
and Q˚E :“ tQ˚φ : φ P Eu. Let us define the linear form β P pQ˚Eq1 by
βpQ˚φq :“
Tż
0
pfpτq, φpτqqdτ ` 1
i
pu0, φp0qq.
From (9.3) we deduce for every φ P E that,
}φptq}2L2pGq ď
¨˝
C}φpT q}2L2pGq ` C 1
Tż
0
}pBt ´Kpτq˚qφpτq}2L2pGqdτ‚˛.
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So, we have
|βpQ˚φq| ď
Tż
0
}fpτq}L2pGq}φpτq}L2pGqdτ ` }u0}L2pGq}φp0q}L2pGq
ď }f}L2pr0,T s,L2pGqq}φ}L2pr0,T s,L2pGqq ` }u0}L2pGq}φ}L2pGq
ÀT p}f}L2pr0,T s,L2pGq ` }u0}L2pGqq}Q˚φpτq}L2pr0,T s,L2pGqq,
which shows that β is a bounded functional on T :“ Q˚E X L2pr0, T s, L2pGqq,
with T endowed with the topology induced by the norm of L2pr0, T s, L2pGqq.
By using the Hahn-Banach extension theorem, we can extends β to a bounded
functional β˜ on L2pr0, T s, L2pGqq, and by using the Riesz representation theorem,
there exists v P pL2pr0, T s, L2pGqq1 “ L2pr0, T s, L2pGqq, such that
β˜pψq “ pv, ψq, ψ P L2pr0, T s, L2pGqq.
In particular, for ψ “ Q˚φ P T , we have
β˜pQ˚φq “ βpQ˚φq “ pv,Q˚φq,
Because, we can identify C80 pp0, T q,DpGqq as a subspace of E
C80 pp0, T q, C8pGqq Ă E “ tφ P C1pr0, T s, L2pGqqXCpr0, T s, Hm,LpGqq : φpT q “ 0u,
we have the identity
pf, φq “
Tż
0
pfpτq, φpτqqdτ “
Tż
0
pfpτq, φpτqqdτ ` 1
i
pu0, φp0qq “ pv,Q˚φq,
for every φ P C80 pp0, T q, C8pGqq. So, this implies that v P DompQ˚˚q. Because
Q˚˚ “ Q, we have that
pv,Q˚φq “ pQv, φq “ pf, φq, @φ P C80 pp0, T q, C8pGqq,
which implies that Qv “ f. A routine argument of integration by parts shows
that vp0q “ u0. Now, in order to show the uniqueness of v, let us assume that
u P C1pr0, T s, L2pGqq X Cpr0, T s, Hm,LpGqq is a solution of the problem#
Bu
Bt
“ Kpt, x,Dqu` f, u P D 1pp0, T q ˆGq,
up0q “ u0.
Then ω :“ v ´ u P C1pr0, T s, L2pGqq X Cpr0, T s, Hm,LpGqq solves the problem#
Bω
Bt
“ Kpt, x,Dqω, ω P D 1pp0, T q ˆGq,
ωp0q “ 0,
and from Theorem 9.1, }ωptq}L2pGq “ 0, for all 0 ď t ď T, and consequently, from
the continuity in t of the functions we have that vpt, xq “ upt, xq for all t P r0, T s
and a.e. x P G. 
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10. Global Fourier Integral operators on compact Lie groups
In this section we will study the L2-boundedness of Fourier integral operators
on compact Lie groups. The motivation to include a study of the L2-boundedness
of Fourier integral operators is to make a generalisation of Theorem 10.5.5 in [107],
where it has been proved that the following condition
sup
px,rξsqPGˆ pG }X
α
x σpx, ξq}op ă 8, |α| ď
”n
2
ı
` 1, n “ dimpGq,
implies the L2pGq-boundedness of a densely defined extension of A ” Oppσq on
C8pGq. We will use aditional to the notion of a global matrix-valued symbol,
that of matrix-valued phase function. To do so, we will use Cotlar Lemma, by
exploiting in our case the almost-orthogonality of the decomposition of a Fourier
integral operator in several pieces induced by every representation space.
10.1. Matrix-valued phase functions on compact Lie groups. First, we
introduce a global definition of Fourier integral operators on every compact Lie
group G.
Definition 10.1 (FIO). A continuous linear operator A : C8pGq Ñ D 1pGq with
Schwartz kernel KA P C8pGq bD 1pGq, is a global Fourier integral operator, if
‚ there exists a symbol σ ” tσpx, ξq P Cdξˆdξupx,rξsqPGˆ pG such that
@rξs P pG, σp¨, rξsq ” σp¨, ξq P C8pG,Cdξˆdξq,
‚ and a phase function φ ” tφpx, ξq P Cdξˆdξupx,rξsqPGˆ pG depending (possi-
bly) on x P G, and satisfying
@rξs P pG, φp¨, rξsq ” φp¨, ξq P C8pG,Cdξˆdξq, φpx, ξq “ φpx, ξq˚,
such that, the Schwartz kernel of A is defined by the distribution,
KApx, yq “
ÿ
rξsP pG
dξTrpξpyq˚eiφpx,ξqσpx, ξqq,
and the operator A is defined via
Afpxq “
ÿ
rξsP pG
dξTrpeiφpx,ξqσpx, ξq pfpξqq, (10.1)
for every f P C8pGq.
Remark 10.2. To motivate the definition of the Schwartz Kernel of a Fourier
integral operator, observe that under suitable conditions on φ and σ, for f P
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C8pGq, we can use Fubini theorem to write
Afpxq :“
ż
G
KApx, yqfpyqdy ”
ż
G
ÿ
rξsP pG
dξTrpξpyq˚eiφpx,ξqσpx, ξqqfpyqdy
“
ÿ
rξsP pG
dξTr
¨˝ż
G
fpyqξpyq˚dyeiφpx,ξqσpx, ξq‚˛
“
ÿ
rξsP pG
dξTrp pfpξqeiφpx,ξqσpx, ξqq
“
ÿ
rξsP pG
dξTrpeiφpx,ξqσpx, ξq pfpξqq.
We will use the notation A “ FIOpσ, φq, to denote the Fourier integral operator
associated with the symbol σ and with the phase function φ.
To motivate the definition of global Fourier integral operators we will review
how the definition given in the Definition 10.1 extends that of pseudo-differential
operators and how it does appear to express solutions of some differential prob-
lems. We will make some remarks explaining both situations in detail.
Example 10.3 (Pseudo-differential operators). Let us assume that A : C8pGq Ñ
D 1pGq is a continuous linear operator with symbol σ,
Afpxq “
ÿ
rξsP pG
dξTrpξpxqσpx, ξq pfpξqq, f P C8pGq.
Since the matrix ξpxq P Cdξˆdξ is unitary for every x P G, there exists a self-adjoint
operator ψpx, ξq P Cdξˆdξ such that ξpxq “ eiψpx,ξq. Consequently, we have
Afpxq “
ÿ
rξsP pG
dξTrpeiψpx,ξqσpx, ξq pfpξqq, f P C8pGq. (10.2)
Moreover, since Spectrumpξpxqq Ă tz P C : |z| “ 1u, in some basis Bξ of the
representation space Cdξ , ξpxq “ diagreiφjjpx,ξqs1ďjďdξ is a diagonal matrix with
complex entries, and in this case on the same basis we have
ψpx, ξq ” diagrφjjpx, ξqs1ďjďdξ , px, ξq P Gˆ pG.
To give a more precise description for the functions φjjpx, ξq, 1 ď j ď dξ, let
us consider X “ tX1, ¨ ¨ ¨ , Xnu a basis for the Lie algebra g. Every Xk is a
left-invariant operator. Observe that
Xkξpxq “ diagrieiφjjpx,ξqpXkφjjqpx, ξqsdξj“1,
and
X2kξpxq “ diagr´eiφjjpx,ξqpXkφjjpx, ξqq2 ` ieiφjjpx,ξqpX2kφjjqpx, ξqsdξj“1.
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Taking into account that ξpeGq “ Idξˆdξ “ pδijq1ďi,jďdξ , it follows that eiφjjpeG,ξq “
1, for all 1 ď j ď dξ. Consequently,pX2kpξq “ X2kξpeGq
“ diagr´pXkφjjpeG, ξqq2 ` ipX2kφjjqpeG, ξqsdξj“1
“ pXkpξq pXkpξq “ XkξpeGqXkξpeGq
“ diagr´pXkφjjpeG, ξqq2sdξj“1,
which implies that
pX2kφjjqpeG, ξq “ 0, 1 ď j ď dξ. (10.3)
A similar analysis implies that
pXℓkφjjqpeG, ξq “ 0, 1 ď j ď dξ, ℓ ě 2. (10.4)
So, the Taylor expansion at x “ eG, gives that for some smooth function qj
vanishing with order 1 at x “ eG, we have
φjjpx, ξq “ φjjpeG, ξq `
nÿ
k“1
pXkφjjqpeG, ξqqkpxq. (10.5)
Also, the condition eiφjjpeG,ξq “ 1, implies that for some nξ,j P Z, φjjpeG, ξq “
2πnξ,j.This analysis implies the following representation for the pseudo-differential
operator A,
Afpxq “
ÿ
rξsP pG
dξTrpdiagreip2πnξ,j`
řn
k“1pXkφjjqpeG,ξqqkpxqqsdξj“1σpx, ξq pfpξqq
“
ÿ
rξsP pG
dξTrpdiagreip
řn
k“1pXkφjjqpeG,ξqqkpxqqsdξj“1σpx, ξq pfpξqq.
Example 10.4 (Cauchy problem for the wave equation). Let us consider the
differential problem,
B2t upx, tq `Aupx, tq “ 0, px, tq P Gˆ rT0,8q, T0 ě 0, (10.6)
with initial conditions upx, 0q “ f0 P C8pGq and utpx, tq “ f1 P C8pGq, where A
is a positive left-invariant operator. In this case, if λ “ 0 is an isolated point of
the spectrum of A, the solution upx, tq of (10.6) can be written according to the
representation,
upx, tq “ At,0f`pxq ` At,1f´pxq, px, tq P Gˆ rT0,8q,
where
f`pxq “ 1
2
pf0 ´ iA´ 12 f1q, f´pxq “ 1
2
pf0 ` iA´ 12 f1q,
and the operators
At,jf˘pxq “
ż
G
ÿ
rξsP pG
dξTrpξpy´1xqe˘it
? pApξq pApξq´ j2 qf˘pyqdy, j “ 0, 1,
are global Fourier integral operators.
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10.2. Lp-boundedness of Fourier integral operators. Now we will study the
Lp-boundedness of Fourier integral operators. Motivated by the solution for the
Cauchy problem for the wave equation, let us consider the case of Fourier integral
operators where the phase function admits a factorisation of the form
eiφpx,ξq “ ξpxqeiΦpξq where Φpξq “ Φpξq˚, @rξs P pG.
Observe that the matrix ξpxqeiΦpξq is unitary for every rξs, and the existence of
such φ follows. More explicitly, for a Fourier integral operator of the form
Afpxq “
ÿ
rξsP pG
dξTrpξpxqeiΦpξqσpx, ξq pfpξqq, f P C8pGq, (10.7)
we have the following L2-boundedness theorem. We will denote by κQ the smallest
even integer larger than Q{2.
Theorem 10.5. Let G be a compact Lie group and let us denote by Q the Haus-
dorff dimension of G associated to the control distance associated to the sub-
Laplacian L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields sat-
isfying the Ho¨rmander condition. Let us consider the Fourier integral operator
A ” FIOpσ, φq : C8pGq Ñ D 1pGq with symbol σ defined as in (10.7), where the
function Φ : pG Ñ YrξsP pGCdξˆdξ , is such that Φpξq “ Φpξq˚ for all rξs P pG. Let us
assume that σ satisfies the following conditions,
sup
px,rξsqPGˆ pG }X
α1
i1
¨ ¨ ¨Xαkik σpx, ξq}op ă 8, 1 ď i1 ď i2 ď ¨ ¨ ¨ ď ik ď k, (10.8)
for all |α| ď κQ. Then A extends to a bounded linear operator on L2pGq.
Proof. Let us write κQ “ 2ℓ. Note that if σ does not depend on x P G, then the
statement follows from the Plancherel theorem. Now, in the general case where
σ depends on x, the idea is to use the subelliptic Sobolev embedding theorem.
For every z P G, let us define the family of invariant operators tAzuzPG, by
Azfpxq “
ÿ
rξsP pG
dξTrrξpxqeiΦpξqσpz, ξq pfpξqs, f P C8pGq.
By the identity Axfpxq “ Afpxq, x P G, the subelliptic Sobolev embedding
Theorem (see Remark 4.25) gives
sup
zPG
|Azfpxq| À sup
zPG
}M2ℓAzf}L2pGq À
ÿ
1ďi1ďi2ď¨¨¨ďikďk ,|α|ď2ℓ
}Xα1i1,z ¨ ¨ ¨Xαkik,zAzf}L2pGq.
Every operator Az,α :“ Xα1i1,z ¨ ¨ ¨Xαkik,zAz has an invariant symbol given by
az,αpξq :“ eiΦpξqXα1i1,z ¨ ¨ ¨Xαkik,zσpz, ¨q,
and the estimates
sup
pz,rξsqPGˆ pG }e
iΦpξqXα1i1,z ¨ ¨ ¨Xαkik ,zσpz, ξq}op ă 8, 1 ď i1 ď i2 ď ¨ ¨ ¨ ď ik ď k,
are equivalent, indeed, to the following ones,
sup
pz,rξsqPGˆ pG }X
α1
i1,z
¨ ¨ ¨Xαkik,zaz,αpξq}op ă 8, 1 ď i1 ď i2 ď ¨ ¨ ¨ ď ik ď k,
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because, using that eiΦpξq is unitary for all rξs P pG, one has that
}eiΦpξqXα1i1,z ¨ ¨ ¨Xαkik,zaz,αpξq}op “ }Xα1i1,z ¨ ¨ ¨Xαkik,zaz,αpξq}op.
Consequently the family of left-invariant operators operators tAz,αuzPG, |α|ď2ℓ, are
uniformly bounded on L2pGq. Moreover, for every |α| ď 2ℓ, the function z ÞÑ Az,α,
is a continuous function from G into BpL2pGqq. The compactness of G implies
that
sup
zPG
}Az,α}BpL2pGqq “ }Az0,α}BpL2pGqq “ sup
rξsP pG }X
α1
i1
¨ ¨ ¨Xαkik σpz0,α, ξq}op,
for some z0,α P G. Consequently, we can estimate the L2pGq-norm of Af, f P
C8pGq, by,
}Af}2L2pGq “
ż
G
|Axfpxq|2dx ď
ż
G
sup
zPG
|Azfpxq|2dx
À
ÿ
1ďi1ďi2ď¨¨¨ďikďk ,|α|ď2ℓ
ż
G
ż
G
|Xα1i1,z ¨ ¨ ¨Xαkik,zAzfpxq|2 dzdx
À
ÿ
1ďi1ďi2ď¨¨¨ďikďk ,|α|ď2ℓ
ż
G
ż
G
Xα1i1,z ¨ ¨ ¨Xαkik,zAzfpxq|2 dxdz
À
ÿ
1ďi1ďi2ď¨¨¨ďikďk ,|α|ď2ℓ
sup
zPG
}Xα1i1,z ¨ ¨ ¨Xαkik,zAz}2BpL2pGqq}f}2L2pGq
“
ÿ
1ďi1ďi2ď¨¨¨ďikďk ,|α|ď2ℓ
}Xα1i1,z ¨ ¨ ¨Xαkik,zAz0,β}2BpL2pGqq}f}2L2pGq.
So, we have proved the boundedness of A on L2pGq. 
Now, we extend Theorem 10.5 to the Lp-case for p ‰ 2, (although the following
theorem also absorbs the case p “ 2). We will denote by κQ,p the smallest even
integer larger than Q{p, for 1 ă p ă 8.
Theorem 10.6. Let G be a compact Lie group and let us denote by Q the Haus-
dorff dimension of G associated to the control distance associated to the sub-
Laplacian L “ LX , where X “ tX1, ¨ ¨ ¨ , Xku is a system of vector fields sat-
isfying the Ho¨rmander condition. Let us consider the Fourier integral operator
A ” FIOpσ, φq : C8pGq Ñ D 1pGq with symbol σ defined as in (10.7), where
Φ : pG Ñ YrξsP pGCdξˆdξ , is a matrix-valued function. Let 1 ă p ă 8 and let
0 ă ρ ď 1. Let us assume that σ satisfies the following conditions,
sup
px,rξsqPGˆ pG }
xMpξqm`ρ|γ|∆γξ peiΦpξqXα1i1 ¨ ¨ ¨Xαkik σpx, ξqq}op ă 8, γ P Nn0 , (10.9)
for all 1 ď i1 ď i2 ď ¨ ¨ ¨ ď ik ď k, and |α| ď κQ,p. Then A extends to a bounded
linear operator on LppGq, provided that
m ě mp :“ Qp1´ ρq
ˇˇˇˇ
1
p
´ 1
2
ˇˇˇˇ
. (10.10)
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Remark 10.7. Let us observe that for ρ “ 1
Q
, Theorem 10.6 implies that under
the condition m ě pQ´ 1q
ˇˇˇ
1
p
´ 1
2
ˇˇˇ
, the Fourier integral operator A ” FIOpσ, φq :
C8pGq Ñ D 1pGq with symbol σ defined as in (10.7), and satisfying the family of
inequalities in (10.9), extends a bounded operator from LppGq to itself.
Proof. Let us proceed as in the proof of Theorem 10.5 and let us write κQ,p “ 2ℓ.
Note that if σ does not depend on x P G, then the statement follows from Theorem
6.9, because in that case, A is a Fourier multiplier whose symbol eiΦσ belongs to
S
´m,L
ρ,δ pGˆ pGq with m ě mp. Now, in the general case where σ depends on x, the
idea is to use the subelliptic Lp-Sobolev embedding theorem. For every z P G,
let us define the family of invariant operators tAzuzPG, by
Azfpxq “
ÿ
rξsP pG
dξTrrξpxqeiΦpξqσpz, ξq pfpξqs, f P C8pGq.
By the identity Axfpxq “ Afpxq, x P G, the subelliptic Lp-Sobolev embedding
Theorem (see Coulhon, Russ and Tardivel-Nachef [39, Page 288]) gives
sup
zPG
|Azfpxq| À sup
zPG
}M2ℓAzf}LppGq À
ÿ
1ďi1ďi2ď¨¨¨ďikďk ,|α|ď2ℓ
}Xα1i1,z ¨ ¨ ¨Xαkik,zAzf}LppGq.
Every operator Az,α :“ Xα1i1,z ¨ ¨ ¨Xαkik,zAz has an invariant symbol given by
az,αpξq :“ eiΦpξqXα1i1,z ¨ ¨ ¨Xαkik,zσpz, ¨q,
and the estimates
sup
pz,rξsqPGˆ pG }
xMpξqm`ρ|γ|∆γξ peiΦpξqXα1i1,z ¨ ¨ ¨Xαkik,zσpz, ξqq}op ă 8,
are equivalent, indeed, to the following ones,
sup
pz,rξsqPGˆ pG }
xMpξqm`ρ|γ|∆γξ peiΦpξqXα1i1,z ¨ ¨ ¨Xαkik,zaz,αpξqq}op ă 8.
Consequently the family of left-invariant operators operators tAz,αuzPG, |α|ď2ℓ, are
uniformly bounded on LppGq. Moreover, for every |α| ď 2ℓ, the function z ÞÑ Az,α,
is a continuous function from G into BpLppGqq. The compactness of G implies
that
sup
zPG
}Az,α}BpLppGqq “ }Az0,α}BpLppGqq ă 8,
for some z0,α P G. Consequently, we can estimate the LppGq-norm of Af, f P
C8pGq, by,
}Af}p
LppGq “
ż
G
|Axfpxq|pdx ď
ż
G
sup
zPG
|Azfpxq|pdx
À
ÿ
1ďi1ďi2ď¨¨¨ďikďk ,|α|ď2ℓ
}Az0,α}pBpLppGqq}f}pLppGq.
So, we have proved the boundedness of A on LppGq. 
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In order to motivate Theorem 10.11, let us recall the following L2-estimate
proved for Fourier integral operators on the torus in [107, Theorem 4.14.2, page
415]. Here, tejunj“1 is the canonical basis of Rn.
Theorem 10.8. Let us consider the Fourier integral operator A ” FIOpσ, φq :
C8pTnq Ñ D 1pTnq with symbol σ and phase function φ, satisfying the following
conditions
sup
px,ξqPTnˆZn
|Bαxσpx, ξq| ă 8, sup
j
sup
px,ξqPTnˆZn
|Bαx pφpx, ξ ` ejq ´ φpx, ξqq| ă 8
(10.11)
for all |α| ď 2n` 1, and
|∇xφpx, ξq ´∇xφpx, ξ1q| ě C|ξ ´ ξ1|. (10.12)
Then, A extends to a bounded linear operator on L2pTnq.
The second condition in the right hand side of (10.11) together with (10.12)
implies the following condition (see [107, page 417]),
|∇xφpx, ξq ´∇xφpx, ξ1q| — |ξ ´ ξ1|. (10.13)
The Lp-boundedness of Fourier integral operators on the torus has been treated
in [31]. We will require a similar condition in the context of compact Lie groups.
In the proof of Theorem 10.11 we will use the following version of Cotlar-Stein
Lemma due to Comech [43].
Lemma 10.9 (Cotlar-Stein Lemma). Let E, F Hilbert spaces and let tTi : E Ñ
F uiPZ, be a sequence of bounded operators satisfying the conditions of almost-
orthogonality, this means that
}T ˚i Ti}BpE,F q ď api, jq, }TiT ˚i }BpF,Eq ď bpi, jq,
where where api, jq and bpi, jq are non-negative symmetric functions on Z ˆ Z,
which satisfy
M :“ sup
i
ÿ
j
api, jq1´ε, N :“ sup
i
ÿ
j
bpi, jqε, 0 ă ε ă 1.
Then, T “ ři Ti : E Ñ F, extends to a bounded operator and
}T }BpE,F q ď pMNq 12 .
Assumption 10.10 (On the gap between the eigenvalues of the Laplacian). To
analyse the L2-estimate for Fourier integral operators on compact Lie groups in
Theorem 10.11, we will assume a condition about the gap between the eigenvalues
for the Laplacian. So, we will assume that for every τ P p0, 1q, there exists
ε0 P p0, 1q, such that for every rξs, rξ1s P pG, with λrξs ă λrξ1s, we have
1´
ˆ
λrξs
λrξ1s
˙τ
ě ε0. (10.14)
This condition is easily verificable for many classes of compact Lie groups (e.g.
the torus Tn, SUp2q, SOp3q, etc).
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We will denote by X “ tX1, ¨ ¨ ¨ , Xnu a basis for the Lie algebra g, and the
corresponding gradient ∇X, defined by
∇Xfpxq “ pX1f, ¨ ¨ ¨ , Xnfq P C8pGq ˆ ¨ ¨ ¨ ˆ C8pGq, f P C8pGq.
Theorem 10.11. Let G be a compact Lie group of topological dimension n, and
let us consider the Fourier integral operator A ” FIOpσ, φq : C8pGq Ñ D 1pGq
with symbol σ and phase function φ, satisfying the following conditions
sup
px,rξsqPGˆ pG }X
α
x σpx, ξq}op ă 8, (10.15)
for all |α| ď 5n{2, and
|∇Xφjjpx, ξq ´∇Xφj1j1px, ξ1q| — |λτrξs ´ λτrξ1s|, 1 ď j ď dξ, (10.16)
uniformly in prξs, rξ1sq P pGˆ pG, for some 0 ă τ ă 1. Let us assume the condition
in (10.14). Then, A extends to a bounded linear operator on L2pGq.
Proof. To start the proof observe that by Plancherel Theorem, it is enough to
prove that the operator S : S p pGq Ă L2p pGq Ñ L2pGq, defined by
Swpxq “
ÿ
rξsP pG
dξTrpeiφpx,ξqσpx, ξqwpξqq, w P S p pGq :“ FC8pGq,
admits a bounded extension. Because φpx, ξq is a self-adjoint matrix for every
px, rξsq, in some basis Bξ of the representation space Cdξ , eiφpx,ξq “ diagreiφjjpx,ξqsdξj“1
is a diagonal matrix where
φjjpx, ξq, 1 ď j ď dξ, px, ξq P Gˆ pG,
are the real eigenvalues of φpx, ξq. Now, by using the representation
Swpxq
“
ÿ
rξsP pG
dξÿ
i,j,k“1
dξreiφpx,ξqsijσpx, ξqjkwpξqki “
ÿ
rξsP pG
dξÿ
j,k“1
dξe
iφjjpx,ξqσpx, ξqjkwpξqkj,
we can decompose the operator S as,
Swpxq “
ÿ
rξsP pG
dξÿ
j,k“1
Srξs,j,kwpxq, Srξs,j,kwpxq :“ dξeiφjjpx,ξqσpx, ξqjkwpξqkj.
In order to use Cotlar Lemma (Lemma 10.9), we will compute the adjoint of
every operator Srξs,j,k. So, from the identities
pSrξs,j,kw, vqL2pGq :“
ż
G
dξe
iφjjpx,ξqσpx, ξqjkwpξqkjvpxqdx
“ dξwpξqk,j
ż
G
e´iφjjpx,ξqσpx, ξqjkvpxqdx
“ dξwpξqk,jpS˚rξs,j,kvqpξq,
SUBELLIPTIC GLOBAL OPERATORS 121
where
pS˚rξs,j,kvqpηqu,v :“
ż
G
e´iφjjpx,ξqσpx, ξqjkvpxqdx ¨ δprηs,u,vq,prξs,k,jq,
we have
pw, S˚rξs,j,kvqL2p pGq
:“
ÿ
rηsP pG
dηTrpwpηqpS˚rξs,j,kvpηqq˚q “
ÿ
rηsP pG
dηÿ
u,v“1
dηwpηquvpS˚rξs,j,kvpηqq˚v,u
“
ÿ
rηsP pG
dηÿ
u,v“1
dηwpηquvpS˚rξs,j,kvpηqqu,v ¨ δprηs,u,vq,prξs,k,jq
“ dξwpξqk,jpS˚rξs,j,kvqpξq
which shows that S˚rξs,j,k, is the adjoint operator of Srξs,j,k. The next step is to
estimate the operators norms,
}S˚rξs,j,kSrξs,j,k}BpL2p pGqq, }Srξ1s,j,kS˚rξ1s,j1,k1}BpL2pGqq.
Observe that for every rηs P pG, and 1 ď u, v ď dη,
pS˚rξs,j,kSrξ1s,j1,k1wqpηqu,v “
ż
G
e´iφjjpx,ξqσpx, ξqjkSrξ1s,j1,k1wpxqdx ¨ δprηs,u,vq,prξ1s,k1,j1q
“ dξ1
ż
G
e´iφjjpx,ξqσpx, ξqjkeiφj1j1 px,ξ
1qσpx, ξ1qj1k1wpξ1qk1j1dx ¨ δprηs,u,vq,prξ1s,k1,j1q
“ dξ1
ż
G
eipφj1j1 px,ξ
1q´φjjpx,ξqqσpx, ξqjkσpx, ξ1qj1k1wpξ1qk1j1dx ¨ δprηs,u,vq,prξ1s,k1,j1q
“ dηwpηqu,v
ż
G
eipφj1j1 px,ξ
1q´φjjpx,ξqqσpx, ξqjkσpx, ξ1qj1k1dx ¨ δprηs,u,vq,prξ1s,k1,j1q
“ dηwpηqu,vKrξs,rξ1s,j,j1,k,k1pη, ηqvu,
where we have defined
Krξs,rξ1s,j,j1,k,k1pη, ηqvu :“
ż
G
eipφj1j1 px,ξ
1q´φjjpx,ξqqσpx, ξqjkσpx, ξ1qj1k1dx¨δprηs,u,vq,prξ1s,k1,j1q.
Estimating the L2p pGq-norm of S˚rξs,j,kSrξ1s,j1,k1w, we have
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}S˚rξs,j,kSrξ1s,j1,k1w}2L2p pGq “
ÿ
rηsP pG
dη}S˚rξs,j,kSrξ1s,j1,k1wpηq}2HS
“
ÿ
rηsP pG
dηÿ
u,v“1
dη|S˚rξs,j,kSrξ1s,j1,k1wpηquv|2
“ dξ1|S˚rξs,j,kSrξ1s,j1,k1wpξ1qk1j1|2
“ dξ1 ˆ d2ξ1|wpξ1qk1j1|2|Krξs,rξ1s,j,j1,k,k1pξ1, ξ1qj1k1|2.
Because,
dξ1|wpξ1qk1j1|2 ď
ÿ
rηsP pG
dηÿ
u,v“1
dη|wpηquv|2 “ }w}2L2p pGq,
we deduce that
}S˚rξs,j,kSrξ1s,j1,k1w}2L2p pGq ď d2ξ1|Krξs,rξ1s,j,j1,k,k1pξ1, ξ1qj1k1|2}w}2L2p pGq,
or equivalently,
}S˚rξs,j,kSrξ1s,j1,k1}BpL2p pGqq ď dξ1|Krξs,rξ1s,j,j1,k,k1pξ1, ξ1qj1k1|. (10.17)
To estimate |Krξs,rξ1s,j,j1,k,k1pξ1, ξ1qj1k1|, we will use the argument of integration by
parts. To do so, using the chain rule, observe that for every Xk P X,
Xke
ipφj1j1px,ξ
1q´φjjpx,ξqq “ i ¨ eipφj1j1 px,ξ1q´φjjpx,ξqqXkpφj1j1px, ξ1q ´ φjjpx, ξqq.
Consequently, the action of the gradient field∇X on the function e
ipφj1j1 px,ξ
1q´φjjpx,ξqq,
is given by
∇Xpeipφj1j1px,ξ1q´φjjpx,ξqqq “ i ¨ eipφj1j1 px,ξ1q´φjjpx,ξqq∇Xpφj1j1px, ξ1q ´ φjjpx, ξqq.
By considering the operator,
L :“ 1
i
¨ ∇Xpφj1j1px, ξ
1q ´ φjjpx, ξqqřn
r“1 |Xrpφj1j1px, ξ1q ´ φjjpx, ξqq|2
¨∇X
defined by
iLfpxq :“
řn
s“1Xspφj1j1px, ξ1q ´ φjjpx, ξqqpXsfpxqqřn
r“1 |Xrpφj1j1px, ξ1q ´ φjjpx, ξqq|2
, f P C8pGq,
we have the following identity
Lpeipφj1j1 px,ξ1q´φjj px,ξqqq
“ 1
i
¨ ∇Xpφj1j1px, ξ
1q ´ φjjpx, ξqqřn
r“1 |Xrpφj1j1px, ξ1q ´ φjjpx, ξqq|2
¨∇Xpeipφj1j1 px,ξ1q´φjjpx,ξqq
“ 1
i
¨ |∇Xpφj1j1px, ξ
1q ´ φjjpx, ξqq|2řn
r“1 |Xrpφj1j1px, ξ1q ´ φjjpx, ξqq|2
¨ i ¨ eipφj1j1px,ξ1q´φjjpx,ξqq
“ eipφj1j1 px,ξ1q´φjjpx,ξq.
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Now, by using integration by parts with the operator L, for every N P N, we
have,ż
G
eipφj1j1 px,ξ
1q´φjj px,ξqqσpx, ξqjkσpx, ξ1qj1k1dx
“
ż
G
eipφj1j1px,ξ
1q´φjjpx,ξqqσpx, ξqjkσpx, ξ1qj1k1dx
“
ż
G
L
N peipφj1j1 px,ξ1q´φjjpx,ξqqqσpx, ξqjkσpx, ξ1qj1k1dx
“
ż
G
eipφj1j1px,ξ
1q´φjjpx,ξqqpLtqN rσpx, ξqjkσpx, ξ1qj1k1sdx.
Note that the transpose of L, Lt is given by,
L
t :“ 1
i
¨ ∇Xpφj1j1px, ξ
1q ´ φjjpx, ξqqřn
r“1 |Xrpφj1j1px, ξ1q ´ φjjpx, ξqq|2
¨∇X1
“ 1
i
¨ ∇Xpφj1j1px, ξ
1q ´ φjjpx, ξqq
|∇Xpφj1j1px, ξ1q ´ φjjpx, ξqq|2 ¨∇X
1
where ∇X1 is defined by
∇X1fpxq :“ p´X1f, ¨ ¨ ¨ ,´Xnfq P C8pGq ˆ ¨ ¨ ¨ ˆ C8pGq, f P C8pGq.
In order to estimate (10.17), using (10.16) we observe that
|pLtqN rσpx, ξqjkσpx, ξ1qj1k1s| À
1
|λτrξ1s ´ λτrξs|N
. (10.18)
So, from (10.17) and (10.18) we would claim that
}S˚rξs,j,kSrξ1s,j1,k1w}BpL2p pGqq À dξ1|λτrξ1s ´ λτrξs|N . (10.19)
Indeed, for N “ 1, by using the Cauchy-Schwarz inequality on Cn we have,
|pLtqrσpx, ξqjkσpx, ξ1qj1k1s|
“
ˇˇˇˇ
1
i
¨ ∇Xpφj1j1px, ξ
1q ´ φjjpx, ξqq
|∇Xpφj1j1px, ξ1q ´ φjjpx, ξqq|2 ¨∇X
1rσpx, ξqjkσpx, ξ1qj1k1s
ˇˇˇˇ
ď
ˇˇˇˇ
∇Xpφj1j1px, ξ1q ´ φjjpx, ξqq
|∇Xpφj1j1px, ξ1q ´ φjjpx, ξqq|2
ˇˇˇˇ
¨
ˇˇˇ
∇X1rσpx, ξqjkσpx, ξ1qj1k1s
ˇˇˇ
“
ˇˇˇ
∇X1rσpx, ξqjkσpx, ξ1qj1k1s
ˇˇˇ
|∇Xpφj1j1px, ξ1q ´ φjjpx, ξqq|
“
´řn
r“1 |Xrrσpx, ξqjkσpx, ξ1qj1k1s|2
¯ 1
2
|∇Xpφj1j1px, ξ1q ´ φjjpx, ξqq| .
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By the Leibniz rule, and using (10.15), we can estimate
˜
nÿ
r“1
|Xrrσpx, ξqjkσpx, ξ1qj1k1s|2
¸ 1
2
“
˜
nÿ
r“1
|Xrrσpx, ξqjksσpx, ξ1qj1k1s ` rσpx, ξqjksXrσpx, ξ1qj1k1s|2
¸ 1
2
À
˜
nÿ
r“1
r}Xrrσpx, ξqs}op}σpx, ξ1q}op ` }σpx, ξq}op}Xrσpx, ξ1q}ops2
¸ 1
2
À p2nq 12 ,
and consequently, we have
|pLtqrσpx, ξqjkσpx, ξ1qj1k1s| À
1
|λτrξ1s ´ λτrξs|
, (10.20)
which proves (10.18) for N “ 1. The general case N ą 1, can be proved using
induction. In order to use Lemma 10.9, we need symmetry in the upper bound for
the norm of }S˚rξs,j,kSrξ1s,j1,k1w}BpL2p pGqq. So, we trivially can deduce the following
inequality
}S˚rξs,j,kSrξ1s,j1,k1}BpL2p pGqq À dξ1 ` dξ|λτrξ1s ´ λτrξs|N , (10.21)
from (10.19). Let us assume for a moment the inequality
}Srξ1s,j1,k1S˚rξs,j,k}BpL2pGqq À
dξ1 ` dξ
|λτrξ1s ´ λτrξs|N
. (10.22)
So, from Lemma 10.9, it follows the L2pGq-boundedness of A, if we prove that
sup
rξ1s,j1,k1
ÿ
rξs‰rξ1s,j,k
pdξ1 ` dξq 12
|λτrξ1s ´ λτrξs|
N
2
“ sup
rξs,j,k
ÿ
rξ1s‰rξs,j1,k1
pdξ1 ` dξq 12
|λτrξs ´ λτrξ1s|
N
2
ă 8.
For this, we will use the Weyl-eigenvalue counting Formula for the Laplacian (see
e.g. in Remark 4.21, that in the case of the Laplacian, Q “ n, s “ 1 in order to
deduce that Npλq “ Opλnq). First, we can split the sums as follows
ÿ
rξs‰rξ1s,j,k
pdξ1 ` dξq 12
|λτrξ1s ´ λτrξs|
N
2
“
ÿ
λrξsăλrξ1 s,j,k
pdξ1 ` dξq 12
|λτrξ1s ´ λτrξs|
N
2
`
ÿ
λrξsąλrξ1s,j,k
pdξ1 ` dξq 12
|λτrξ1s ´ λτrξs|
N
2
:“ I ` II.
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To estimate I, observe that
I “
ÿ
λrξsăλrξ1s,j,k
pdξ1 ` dξq 12
|λτrξ1s ´ λτrξs|
N
2
“
ÿ
λrξsăλrξ1 s,j,k
pdξ1 ` dξq 12
pλτrξ1s ´ λτrξsq
N
2
À
ÿ
λrξsăλrξ1s,j,k
pxξ1yn2 ` xξyn2 q 12
pλτrξ1s ´ λτrξsq
N
2
“
ÿ
λrξsăλrξ1s,j,k
xξ1yn4
pλτrξ1s ´ λτrξsqq
N
2
À
ÿ
λrξsăλrξ1s,j,k
λ
n
4
rξ1s
pλτrξ1s ´ λτrξsqq
N
2
“
ÿ
λrξsăλrξ1s,j,k
λ
n
4
´N
2
rξ1s
p1´ λ´τrξ1sλτrξsqq
N
2
“ λ
n
4
´N
2
rξ1s
ÿ
λrξsăλrξ1s,j,k
1
p1´ λ´τrξ1sλτrξsqq
N
2
À ε´
N
2
0 λ
n
4
´N
2
rξ1s
ÿ
λrξsăλrξ1 s
d2ξ
“ Opε´
N
2
0 λ
n
4
´N
2
rξ1s λ
n
rξ1sq ă 8,
where we have used ε0 from (10.14), and also that
n
4
´ N
2
` n “ 5n
4
´ N
2
ě 0, or
equivalently that N ě 5n
2
. Now, we will estimate II as follows,
ÿ
λrξsąλrξ1 s,j,k
pdξ1 ` dξq 12
|λτrξ1s ´ λτrξs|
N
2
À
ÿ
λrξsąλrξ1s,j,k
d
1
2
ξ
|λτrξ1s ´ λτrξs|
N
2
À
ÿ
λrξsąλrξ1s,j,k
d
1
2
ξ
|λτrξ1s ´ λτrξs|
N
2
À
ÿ
λrξsąλrξ1 s,j,k
λ
n
4
rξs
|λτrξ1s ´ λτrξs|
N
2
.
Observe that
ÿ
λrξsąλrξ1s,j,k
λ
n
4
rξs
|λτrξ1s ´ λτrξs|
N
2
ď ε´
N
2
0
ÿ
λrξsąλrξ1s,j,k
λ
n
4
´N
2
rξs ď ε
´N
2
0
ÿ
rξsP pG
d2ξλ
n
4
´N
2
rξs ă 8,
provided that N ě 5n
2
. In order to finish the proof we will estimate the norm
}Srξs,j,kS˚rξ1s,j1,k1}BpL2p pGq,L2pGq as we have assumed in (10.22). However, observe
that
Srξs,j,kpS˚rξ1s,j1,k1vqpxq “ dξeiφjjpx,ξqσpx, ξqjkrS˚rξ1s,j1,k1vpξqskj ¨ δprξs,j,kq,prξ1s,j1,k1q
“ dξeiφjjpx,ξqσpx, ξqjk
ż
G
e´iφj1j1 py,ξqσpy, ξ1qj1k1vpyqdy ¨ δprξs,j,kq,prξ1s,j1,k1q.
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So, we can estimate
}Srξs,j,kS˚rξ1s,j1,k1v}L2pGq
ď }dξeiφjjp¨,ξqσp¨, ξqjk
ż
G
e´iφj1j1py,ξqσpy, ξ1qj1k1vpyqdy ¨ δprξs,j,kq,prξ1s,j1,k1q}L2pGq
ď sup
xPG,u,v
|σpx, ξquv|2dξ}v}L1pGq ¨ δprξs,j,kq,prξ1s,j1,k1q
ď sup
xPG,u,v
|σpx, ξquv|2dξ}v}L2pGq ¨ δprξs,j,kq,prξ1s,j1,k1q
ď sup
xPG
}σpx, ξq}2opdξ}v}L2pGq ¨ δprξs,j,kq,prξ1s,j1,k1q
Àσ pdξ ` dξ1q}v}L2pGq ¨ δprξs,j,kq,prξ1s,j1,k1q.
So, from the estimate
}Srξs,j,kS˚rξ1s,j1,k1}BpL2pGqq Àσ pdξ ` dξ1q ¨ δprξs,j,kq,prξ1s,j1,k1q
we can deduce (10.22). The proof is complete. 
Remark 10.12. In Theorem 10.11, we can replace the conditions
sup
px,rξsqPGˆ pG }X
α
x σpx, ξq}op ă 8, |∇Xφjjpx, ξq ´∇Xφj1j1px, ξ1q| — |λτrξs ´ λτrξ1s|,
(10.23)
by the following ones
sup
px,rξsqPGˆ pG }B
pαq
X σpx, ξq}op ă 8, |∇φjjpx, ξq´∇φj1j1px, ξ1q| — |λτrξs´λτrξ1s|, (10.24)
where ∇ :“ pBX1 , ¨ ¨ ¨ , BXnq, is the gradient field defined by the local derivatives
induced by the local coordinates.
11. Appendix I: Sub-Laplacians on S3 – SUp2q, SOp4q, SUp3q, and
Spinp4q – SUp2q ˆ SUp2q
We will present some examples of sub-Laplacians on some compact Lie groups.
By abuse of notation, we will use the same symbol to denote an element of the
Lie algebra and the vector field on the group obtained by left translation.
Example 11.1 (Sub-Laplacians on SUp2q – S3). Let us consider the left-invariant
first-order differential operators B`, B´, B0 : C8pSUp2qq Ñ C8pSUp2qq, called cre-
ation, annihilation, and neutral operators respectively, (see Definition 11.5.10 of
[107]) and let us define
X1 “ ´ i
2
pB´ ` B`q, X2 “ 1
2
pB´ ´ B`q, X3 “ ´iB0,
where X3 “ rX1, X2s, based in the commutation relations rB0, B`s “ B`, rB´, B0s “
B´, and rB`, B´s “ 2B0. The system X “ tX1, X2u satisfies the Ho¨rmander condi-
tion at step κ “ 2, and the Hausdorff dimension defined by the control distance
associated to the sub-Laplacian L1 “ ´X21 ´X22 is Q “ 4. In a similar way, we
can define the sub-Laplacian L2 “ ´X22 ´X23 associated to the system of vector
fields X 1 “ tX2, X3u, which also satisfies the Ho¨rmander condition of step κ “ 2.
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Example 11.2 (The sub-Laplacian on SOp4q). Consider the Lie group SOp4q “
tg P GLp3,Rq : ggt “ I4 ” pδijq1ďi,jď4, detpgq “ 1u, with Lie algebra sop4q. The
latter consists of all skew-symmetric matrices. This Lie algebra is generated by
matrices of the form
Bij :“ eietj ´ ejeti,
where teiu4i“1 are the canonical vectors in R4. Let us define
X1 :“ B12, X2 :“ B14, X3 :“ B24, X4 :“ B34.
By writing
Z1 :“ ´rX2, X4s “ B13, and Z2 :“ ´rX3, X4s “ B23,
from TABLE 1 the system of vector fields X “ tX1, X2, X3, X4u satisfies the
Ho¨rmander condition of step κ “ 2 (see Berge and Grong [15]). So, the Hausdorff
dimension associated to the control distance associated to the sub-Laplacian
L “ ´X21 ´X22 ´X23 ´X24 ,
can be computed from (3.1) as follows.
Q : “ dimpH1Gq `
2ÿ
i“1
pi` 1qpdimH i`1G´ dimH iGq “ 4` 2p6´ 4q “ 8.
Table 1. Commutators in SOp4q
X1 X2 X3 X4 Z1 Z2
X1 0 ´X3 X2 0 ´Z2 Z1
X2 X3 0 ´X1 ´Z1 X4 0
X3 ´X2 X1 0 ´Z2 0 X4
X4 0 Z1 Z2 0 ´X2 ´X3
Z1 Z2 ´X4 0 X2 0 ´X1
Z2 ´Z1 0 ´X4 X3 X1 0
Example 11.3 (The sub-Laplacian on SUp3q). The special unitary group of 3ˆ3
complex matrices is defined by
SUp3q “ tg P GLp3,Cq : gg˚ “ I3 ” pδijq1ďi,jď3, detpgq “ 1u,
and its Lie algebra is given by
sup3q “ tg P GLp3,Cq : g ` g˚ “ 0, Trpgq “ 0u.
The inner product is defined by a multiple of the Killing form on sup3q given by
BpX, Y q “ ´1{2TrrXY s. The torus
TSUp3q “ tdiagreiθ1 , eiθ2, eiθ3s : θ1 ` θ2 ` θ3 “ 0, θi P Ru
is a maximal torus of SUp3q, and its Lie algebra is given by
tsup3q “ tdiagriθ1, iθ2, iθ3s : θ1 ` θ2 ` θ3 “ 0, θi P Ru.
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The following vectors
T1 “ diagr´i, i, 0s, T2 “ diagr´i{
?
3,´i{
?
3, 2i{
?
3s
provide a basis for tsup3q. Completing this basis with the following vectors
X1 “
¨˝
0 1 0
´1 0 0
0 0 0
‚˛, X2 “
¨˝
0 i 0
i 0 0
0 0 0
‚˛,
X3 “
¨˝
0 0 0
0 0 1
0 ´1 0
‚˛, X4 “
¨˝
0 0 0
0 0 ´i
0 ´i 0
‚˛,
X5 “
¨˝
0 0 1
0 0 0
´1 0 0
‚˛, X6 “
¨˝
0 0 i
0 0 0
i 0 0
‚˛,
we obtain the Gell-Mann system, which forms an orthonormal basis of sup3q.
The system of vector fields X “ tX1, X2, X3, X4, X5, X6u satisfies the Ho¨rmander
condition at step κ “ 2, (see Domokos and Manfredi [55]). Indeed, it can be
deduced if we write
X7 “ ´rX1, X2s “
¨˝´2i 0 0
0 2i 0
0 0 0
‚˛,
X8 “ ´rX3, X4s “
¨˝
0 0 0
0 2i 0
0 0 ´2i
‚˛
from TABLE 2. Observe that the Hausdorff dimension associated to the control
Table 2. Commutators in SUp3q
X1 X2 X3 X4 X5 X6 X7 X8
X1 0 ´X7 X5 ´X6 ´X3 X4 4X2 2X2
X2 X7 0 X6 X5 ´X4 ´X3 ´4X1 ´2X1
X3 ´X5 ´X6 0 ´X8 X1 X2 2X4 4X4
X4 X6 ´X5 X8 0 X2 ´X1 ´2X3 ´4X3
X5 X3 X4 ´X1 ´X2 0 X8 ´X7 2X6 ´2X6
X6 ´X4 X3 ´X2 X1 X7 ´X8 0 ´2X5 2X5
X7 ´4X2 4X1 ´2X4 2X3 ´2X6 2X5 0 0
X8 2X2 2X1 ´4X4 4X3 2X6 ´2X5 0 0
distance associated to the sub-Laplacian
L “ ´X21 ´X22 ´X23 ´X24 ´X25 ´X26 ,
can be computed from (3.1) as follows.
Q : “ dimpH1Gq ` 2pdimH2G´ dimH1Gq “ 6` 2p8´ 6q “ 10.
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Example 11.4 (The sub-Laplacian on Spinp4q – SUp2qˆSUp2q). Let us consider
the Lie algebra of SUp2q, sup2q spanned by the following matrices
A “ p1{
?
2q
ˆ
0 i
i 0
˙
, B “ p1{
?
2q
ˆ
0 ´1
1 0
˙
and C “ p1{
?
2q
ˆ
i 0
0 ´i
˙
.
On the Lie group Spinp4q – SUp2q ˆ SUp2q with Lie algebra spinp4q – sup2q ˆ
sup2q, let us define the following vector fields,
X˘ “ A1 ˘ A2, Y ˘ “ B1 ˘B2, Z˘ “ C1 ˘ C2,
where
A1 “ Ab I, A2 “ I b A, B1 “ B b I, B2 “ I bB,C1 “ C b I, C2 “ I b C.
For every real-number c P p´8,8q, let
Xc :“ X´ ` cX`.
Table 3. Commutators in Spinp4q – SUp2q ˆ SUp2q
Xc Y ´ Z´ X` Y ` Z`
Xc 0 Z` ` cZ´ ´Y ` ´ cY ´ 0 Z´ ` cZ` ´Y ´ ´ cY `
Y ´ ´Z` ´ cZ´ 0 X` ´Z´ 0 Xc ´ cX`
Z´ Y ` ` cY ´ ´X` 0 Y ´ cX` ´Xc 0
X` 0 Z´ ´Y ´ 0 ´Z` ´Y `
Y ` ´Z´ ´ cZ` 0 Xc ´ cX` Z` 0 X`
Z` Y ´ ` cY ` cX` ´Xc 0 Y ` ´X` 0
The system X “ tXc, Y ´, Z´u satisifes the Ho¨rmander condition, and we can
consider the associated sub-Laplacian associated with X,
L “ ´pXcq2 ´ pY ´q2 ´ pZ´q2.
12. Appendix II: Subelliptic Besov spaces
In this appendix we present the description of subelliptic Besov spaces as in [33].
On Rn, Besov spaces appears in [16, 17]. We refer the reader to Triebel [122, 123],
Furioli, Melzi, and Veneruso, [69], Nursultanov, Ruzhansky and Tikhonov [93, 94],
Peetre [96, 97], and [26], for the analytic aspects of the theory of Besov spaces on
Rn and others Lie groups.
In order to define subelliptic Besov spaces we will use the notion of dyadic
decompositions. Here, the sequence tψℓ˜uℓ˜PN0 is a dyadic decomposition, defined
as follows: we choose a function ψ0 P C80 pRq, ψ0pλq “ 1, if |λ| ď 1, and ψ0pλq “ 0,
for |λ| ě 2. For every j ě 1, let us define ψjpλq “ ψ0p2´jλq ´ ψ0p2´j`1λq. For
ψpλq :“ ψ0pλq ´ ψ0p2λq, ψjpλq “ ψp2´jλq. In particular, we haveÿ
ℓ˜PN0
ψℓ˜pλq “ 1, for every λ ą 0. (12.1)
130 D. CARDONA AND M. RUZHANSKY
We define the operator
ψℓ˜pDqfpxq :“
ÿ
rξsP pG
dξTrrξpxqψℓ˜ppIdξ ` pLpξqq 12 q pfpξqs, f P C8pGq. (12.2)
So, for s P R, 0 ă q ă 8, the subelliptic Besov space Bs,Lp,q pGq consists of those
functions/distributions satisfying
}f}
B
s,L
p,q pGq
“
˜
8ÿ
ℓ˜“0
2ℓ˜qs}ψℓ˜pDqf}qLppGq
¸ 1
q
ă 8,
for 0 ă p ď 8, with the following modification
}f}
B
s,L
p,8pGq
“ sup
ℓ˜PN0
2ℓ˜s}ψℓ˜pDqf}LppGq ă 8,
when q “ 8. In [33], the authors have described the subelliptic Besov spaces in
terms of the matrix-valued quantization. We record it as follows (see Remark 4.2
in [33]).
Remark 12.1 (Fourier description for subelliptic Besov spaces). If we write xMpξq :“
pMξqpeGq for the symbol of the operator p1` Lq 12 , which is given by,
xMpξq “
»———–
p1` ν11pξq2q 12 0 0 . . . 0
0 p1` ν22pξq2q 12 0 . . . 0
...
...
...
. . .
...
0 0 0 . . . p1` νdξdξpξq2q
1
2
fiffiffiffifl ,
so that xMpξq :“ diagrp1 ` νiipξq2q 12 s1ďiďdξ , then ψℓ˜pξq denotes the symbol of the
operator ψℓ˜pDq, and we have
ψℓ˜pξq “ diagrψℓ˜pp1` νiipξq2q
1
2 qs1ďiďdξ , ℓ˜ P N0, rξs P pG.
Then the subelliptic Besov spaces can be re-written as
}f}q
B
s,L
p,q pGq
“
8ÿ
ℓ˜“0
2ℓ˜qs
››››››
ÿ
rξsP pG
dξTrrξpxqdiagrψℓ˜pp1` νiipξq2q
1
2 qs pfpξqs
››››››
q
LppGq
ă 8,
(12.3)
for 0 ă p ď 8, and
}f}
B
s,L
p,8pGq
“ sup
ℓ˜PN0
2ℓ˜s
››››››
ÿ
rξsP pG
dξTrrξpxqdiagrψℓ˜pp1` νiipξq2q
1
2 qs pfpξqs
››››››
LppGq
ă 8,
(12.4)
for q “ 8.
Remark 12.2. Subelliptic Sobolev and Besov spaces may depend on the choice of
a sub-Laplacian on a compact Lie group (see Remark 14.2). This is one of the
contrasts to the case of graded Lie groups (see [65, Chapter 4]).
The following are the embedding properties proved in Theorem 4.3 of [33].
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Theorem 12.3. Let G be a compact Lie group and let us denote by Q the Haus-
dorff dimension of G associated to the control distance associated to the sub-
Laplacian L “ ´pX21 ` ¨ ¨ ¨ ` X2kq, where the system of vector fields X “ tXiu
satisfies the Ho¨rmander condition. Then
(1) Br`ε,Lp,q1 pGq ãÑ Br,Lp,q1pGq ãÑ Br,Lp,q2pGq ãÑ Br,Lp,8pGq, ε ą 0, 0 ă p ď 8,
0 ă q1 ď q2 ď 8.
(2) Br`ε,Lp,q1 pGq ãÑ Br,Lp,q2pGq, ε ą 0, 0 ă p ď 8, 1 ď q2 ă q1 ă 8.
(3) Br1,Lp1,q pGq ãÑ Br2,Lp2,q pGq, 1 ď p1 ď p2 ď 8, 0 ă q ă 8, r1 P R, and
r2 “ r1 ´Qp 1p1 ´ 1p2 q.
(4) Hr,LpGq “ Br,L2,2 pGq and Br,Lp,p pGq ãÑ Lp,Lr pGq ãÑ Br,Lp,2 pGq, 1 ă p ď 2.
(5) Br,Lp,1 pGq ãÑ LqpGq, 1 ď p ď q ď 8, r “ Qp1p ´ 1q q and LqpGq ãÑ B0,Lq,8pGq
for 1 ă q ď 8.
In order to compare subelliptic Besov spaces with Besov spaces associated
to the Laplacian, we start by presenting the problem for Sobolev spaces (see
Theorem 5.9 of [33]). Here,
κ :“ rn{2s ` 1,
is the smallest integer larger than n{2, n “ dimpGq.
Theorem 12.4. Let G be a compact Lie group and let us consider the sub-
Laplacian L “ ´pX21 ` ¨ ¨ ¨ `X2kq, where the system of vector fields X “ tXiuki“1
satisfies the Ho¨rmander condition of order κ. Then we have the continuous em-
beddings
LpspGq ãÑ Lp,Ls pGq ãÑ Lps
κ
´κp1´ 1
κ
q| 12´ 1p |pGq. (12.5)
More precisely, for every s ě 0 there exist constants Ca ą 0 and Cb ą 0 satisfying,
Ca}f}Lpsκ,κ pGq ď }f}Lp,Ls pGq, f P Lp,Ls pGq, (12.6)
where sκ,κ :“ sκ ´ κp1´ 1κq
ˇˇˇ
1
2
´ 1
p
ˇˇˇ
, and
}f}
L
p,L
s pGq
ď Cb}f}LpspGq, f P LpspGq. (12.7)
Consequently, we have the following embeddings
L
p
´ s
κ
`κp1´ 1
κ
q| 12´ 1p |pGq ãÑ L
p,L
´s pGq ãÑ Lp´spGq. (12.8)
The following theorem (see Theorem 5.11 [33]) shows some embedding prop-
erties between subelliptic Besov spaces and the Besov spaces associated to the
Laplacian.
Theorem 12.5. Let G be a compact Lie group and let us consider the sub-
Laplacian L “ ´pX21 ` ¨ ¨ ¨ `X2kq, where the system of vector fields X “ tXiuki“1
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satisfies the Ho¨rmander condition of order κ. Let s ě 0, 0 ă q ď 8, and
1 ă p ă 8. Then we have the continuous embeddings
Bsp,qpGq ãÑ Bs,Lp,q pGq ãÑ B
s
κ
´κp1´ 1
κ
q| 12´ 1p |
p,q pGq. (12.9)
More precisely, for every s ě 0 there exist constants Ca ą 0 and Cb ą 0 satisfying,
Ca}f}Bsκ,κp,q pGq ď }f}Bs,Lp,q pGq, f P Bs,Lp,q pGq, (12.10)
where sκ,κ :“ sκ ´ κp1´ 1κq
ˇˇˇ
1
2
´ 1
p
ˇˇˇ
, and
}f}
B
s,L
p,q pGq
ď Cb}f}Bsp,qpGq, f P Bsp,qpGq. (12.11)
Consequently, we have the following embeddings
B
´ s
κ
`κp1´ 1
κ
q| 12´ 1p |
p,q pGq ãÑ B´s,Lp,q pGq ãÑ B´sp,qpGq. (12.12)
Finally we summarise the action of the Ho¨rmander classes on subelliptic Sobolev
and Besov spaces (See Theorems 1.2 and 1.3 in [33]).
Theorem 12.6 (Fefferman Subelliptic Sobolev Theorem). Let G be a compact Lie
group of dimension n. Let us assume that σ P S ´νρ,δ pGˆ pGqq and let 0 ď δ ď ρ ď 1,
δ ‰ 1. Then A ” σpx,Dq extends to a bounded operator from Lp,Lϑ pGq to LppGq
provided that
np1´mintρ, 1{κuq
ˇˇˇˇ
1
p
´ 1
2
ˇˇˇˇ
´ pϑ{κq ď ν. (12.13)
In particular, if σ P S 0ρ,δpGq, the operator A ” σpx,Dq extends to a bounded
operator from Lp,Lϑ pGq to LppGq with
nκp1´mintρ, 1{κuq
ˇˇˇˇ
1
p
´ 1
2
ˇˇˇˇ
ď ϑ. (12.14)
Theorem 12.7 (Fefferman Subelliptic Besov Theorem). Let us assume that σ P
S
´ν
ρ,δ pG ˆ pGqq and let 0 ď δ ď ρ ď 1, δ ‰ 1. Then A ” σpx,Dq extends to a
bounded operator from Bs`ϑ,Lp,q pGq to Bsp,qpGq provided that
np1´mintρ, 1{κuq
ˇˇˇˇ
1
p
´ 1
2
ˇˇˇˇ
´ pϑ{κq ď ν. (12.15)
In particular, if σ P S 0ρ,δpGq, the operator A ” σpx,Dq extends to a bounded
operator from Bs`ϑ,Lp,q pGq to Bsp,qpGq with
nκp1´mintρ, 1{κuq
ˇˇˇˇ
1
p
´ 1
2
ˇˇˇˇ
ď ϑ. (12.16)
Observe that Theorem 12.6 and Theorem 12.7 are analogies of the ones ob-
tained in this work for the subelliptic Ho¨rmander classes (see Theorems 6.6 and
6.9). The mapping properties for the global calculus developed in [107] on LppGq,
Sobolev spaces LprpGq, Besov spaces Brp,qpGq and subelliptic Sobolev and Besov
spaces can be found in the references [107, Chapter 10], the works of the second
author and J. Wirth [111, 112], [24, 25, 27, 33] and the work of the second author
and J. Delgado [46].
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13. Appendix III: A characterisation for global Ho¨rmander
classes on graded Lie groups
It was proved in Theorem 4.13 and consequently in Corollary 4.14 that the
following family of seminorms,
p1α,β,ρ,δ,m,rpaq :“ sup
px,rξsqPGˆ pG }
xMpξqpρ|α|´δ|β|´m´rqBpβqX ∆αξ apx, ξqxMpξqr}op ă 8,
(13.1)
can be used to define the subelliptic Ho¨rmander class Sm,Lρ,δ pGˆ pGq.More precisely,
we have proved that the following conditions are equivalent:
(A’). @α, β P Nn0 , @r P R, p1α,β,r,mpaq ă 8.
(B’). @α, β P Nn0 , p1α,β,0,mpaq ă 8.
(C’). @α, β P Nn0 , p1α,β,m`δ|β|´ρ|α|,mpaq ă 8.
(D’). @α, β P Nn0 , Dr0 P R, p1α,β,r0,mpaq ă 8.
(E’). a P Sm,Lρ,δ pGˆ pGq.
The main goal of this appendix is to prove an analogy of Theorem 4.13 for the
global Ho¨rmander classes on arbitrary graded Lie groups developed by the second
author and V. Fischer in [65]. The main result of this appendix is Theorem 13.16
where we prove that the following seminorm inequalities are equivalents: (see the
next subsections for the notations and definitions)
(A). @α, β P Nn0 , @γ P R, pα,β,γ,mpσq ă 8.
(B). @α, β P Nn0 , pα,β,0,mpσq ă 8.
(C). @α, β P Nn0 , pα,β,m`δ|β|´ρ|α|,mpσq ă 8.
(D). @α, β P Nn0 , Dγ0 P R, pα,β,γ0,mpσq ă 8.
(E). σ P Smρ,δpGˆ pGq.
In the case of the Heisenberg group it was proved in Theorem 6.5.1 of [65, Page
479] that (A), (B), (C) and (D) are equivalent conditions and, in Section 5.5 of
[65, Page 479], it was proved that on a arbitrary graded Lie group only (A), (B)
and (C) are equivalent seminorms. Condition (D), is certainly, most useful. We
will prove Theorem 13.16 by following the arguments in Section 4.
13.1. Homogeneous and graded Lie groups. The notation and terminology
of this appendix on the analysis of homogeneous Lie groups are mostly taken
from Folland and Stein [67]. For the theory of pseudo-differential operators we will
follow the setting developed in [65] through the notion of (operator-valued) global
symbols. If E, F are Hilbert spaces, BpE, F q denotes the algebra of bounded
linear operators from E to F, and also we will write BpEq “ BpE,Eq.
Let G be a homogeneous Lie group. This means that G is a connected and
simply connected Lie group whose Lie algebra g is endowed with a family of
dilations Dgr , r ą 0, which are automorphisms on g satisfying the following two
conditions:
‚ For every r ą 0, Dgr is a map of the form
Dgr “ ExpprAq
for some diagonalisable linear operator A ” diagrν1, ¨ ¨ ¨ , νns on g.
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‚ @X, Y P g, and r ą 0, rDgrX,DgrY s “ DgrrX, Y s.
We call the eigenvalues of A, ν1, ν2, ¨ ¨ ¨ , νn, the dilations weights or weights of G.
The homogeneous dimension of a homogeneous Lie group G is given by
Q “ TrpAq “ ν1 ` ¨ ¨ ¨ ` νn.
The dilations Dgr of the Lie algebra g induce a family of maps on G defined via
Dr :“ expG ˝Dgr ˝ exp´1G , r ą 0,
where expG : g Ñ G is the usual exponential mapping associated to the Lie
group G. We refer to the family Dr, r ą 0, as dilations on the group. If we write
rx “ Drpxq, x P G, r ą 0, then a relation on the homogeneous structure of G
and the Haar measure dx on G is given byż
G
pf ˝Drqpxqdx “ r´Q
ż
G
fpxqdx.
A Lie group is graded if its Lie algebra g may be decomposed as the sum
of subspaces g “ g1 ‘ g2 ‘ ¨ ¨ ¨ ‘ gs such that rgi, gjs Ă gi`j , and gi`j “ t0u
if i ` j ą s. Examples of such groups are the Heisenberg group Hn and more
generally any stratified groups where the Lie algebra g is generated by g1. Here,
n is the topological dimension of G, n “ n1 ` ¨ ¨ ¨ ` ns, where nk “ dimgk.
A Lie algebra admitting a family of dilations is nilpotent, and hence so is its
associated connected, simply connected Lie group. The converse does not hold,
i.e., not every nilpotent Lie group is homogeneous (see Dyer [53]) although they
exhaust a large class (see Johnson [82, page 294]). Indeed, the main class of
Lie groups under our consideration is that of graded Lie groups. A graded Lie
group G is a homogeneous Lie group equipped with a family of weights νj, all of
them positive rational numbers. Let us observe that if νi “ aibi with ai, bi integer
numbers, and b is the least common multiple of the b1is, the family of dilations
D
g
r “ ExpplogprbqAq : gÑ g,
have integer weights, νi “ aibbi . So, here we always assume that the weights νj ,
defining the family of dilations are non-negative integer numbers which allow us
to assume that the homogeneous dimension Q is a non-negative integer number.
This is a natural context for the study of Rockland operators (see Remark 4.1.4
of [65]).
13.2. Fourier analysis on nilpotent Lie groups. Let G be a simply connected
nilpotent Lie group. Let us assume that π is a continuous, unitary and irreducible
representation of G, this means that,
‚ π P HompG,UpHπqq, for some separable Hilbert space Hπ, i.e. πpxyq “
πpxqπpyq and for the adjoint of πpxq, πpxq˚ “ πpx´1q, for every x, y P G.
‚ The map px, vq ÞÑ πpxqv, from GˆHπ into Hπ is continuous.
‚ For every x P G, and Wπ Ă Hπ, if πpxqWπ Ă Wπ, then Wπ “ Hπ or
Wπ “ H.
Let ReppGq be the set of unitary, continuous and irreducible representations of
G. The relation,
pi1 „ pi2 if and only if, there exists A P BpHπ1 ,Hπ2q, such that Api1pxqA
´1 “ pi2pxq,
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for every x P G, is an equivalence relation and the unitary dual of G, denoted bypG is defined via pG :“ ReppGq{„. Let us denote by dπ the Plancherel measure onpG. The Fourier transform of f P S pGq, (this means that f ˝ expG P S pgq, with
g » RdimpGq) at π P pG, is defined by
pfpπq “ ż
G
fpxqπpxq˚dx : Hπ Ñ Hπ, and FG : S pGq Ñ S p pGq :“ FGpS pGqq.
If we identify one representation π with its equivalence class, rπs “ tπ1 : π „
π1u, for every π P pG, the Kirillov trace character Θπ defined by
pΘπ, fq :“ Trp pfpπqq,
is a tempered distribution onS pGq. In particular, the identity fpeGq “
ş
pGpΘπ, fqdπ,
implies the Fourier inversion formula f “ F´1G p pfq, where
pF´1G σqpxq :“
ż
pG
Trpπpxqσpπqqdπ, x P G, F´1G : S p pGq Ñ S pGq,
is the inverse Fourier transform. In this context, the Plancherel theorem takes
the form }f}L2pGq “ } pf}L2p pGq, where
L2p pGq :“ ż
pG
Hπ bH˚πdπ,
is the Hilbert space endowed with the norm: }σ}L2p pGq “ pş pG }σpπq}2HSdπq 12 .
We will fix a homogeneous quasi-norm | ¨ | on G. This means that | ¨ | is a
non-negative function on G, satisfying
|x| “ |x´1|, r|x| “ |Drpxq|, and |x| “ 0 if and only if x “ eG,
where eG is the identity element of G. It satisfies a triangle inequality with a
constant: there exists a constant γ ě 1 such that |xy| ď γp|x| ` |y|q.
13.3. Homogeneous linear operators and Rockland operators. A linear
operator T : C8pGq Ñ D 1pGq is homogeneous of degree ν P C if for every r ą 0
the equality
T pf ˝Drq “ rνpTfq ˝Dr
holds for every f P DpGq. If for every representation π P pG, π : G Ñ UpHπq, we
denote by H8π the set of smooth vectors, that is, the space of elements v P Hπ
such that the function x ÞÑ πpxqv, x P pG, is smooth, a Rockland operator is
a left-invariant differential operator R which is homogeneous of positive degree
ν “ νR and such that, for every unitary irreducible non-trivial representation
π P pG, πpRq is injective on H8π ; σRpπq “ πpRq is the symbol associated to R. It
coincides with the infinitesimal representation of R as an element of the universal
enveloping algebra. It can be shown that a Lie group G is graded if and only if
there exists a differential Rockland operator on G. If the Rockland operator is
formally self-adjoint, then R and πpRq admit self-adjoint extensions on L2pGq
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and Hπ, respectively. Now if we preserve the same notation for their self-adjoint
extensions and we denote by E and Eπ their spectral measures, we will denote
by
fpRq :“
8ż
´8
fpλqdEpλq, and πpfpRqq ” fpπpRqq :“
8ż
´8
fpλqdEπpλq,
the operators defined by the functional calculus. In general, we will reserve the
notation dEApλq0ăλă8 for the spectral measure associated with a positive and
self-adjoint operator A on a Hilbert space H.
We now recall a lemma on dilations on the unitary dual pG, which will be useful
in our analysis of spectral multipliers. For the proof, see Lemma 4.3 of [65].
Lemma 13.1. For every π P pG let us define Drpπqpxq “ πprxq for every r ą 0
and x P G. Then, if f P L8pRq then fpπprqpRqq “ fprνπpRqq.
13.4. Symbols and quantization of pseudo-differential operators. In or-
der to present a consistent definition of pseudo-differential operators one devel-
oped in [65] (see the quantisation formula (13.4)), a suitable class of spaces on
the unitary dual pG acting in a suitable way with the set of smooth vectors H8π ,
on every representation space Hπ. Let now recall the main notions.
Definition 13.2 (Sobolev spaces on smooth vectors). Let π1 P ReppGq, and
a P R. We denote by Haπ1, the Hilbert space obtained as the completion of H8π1
with respect to the norm
}v}Haπ1 “ }π1p1`Rq
a
ν v}Hπ1 ,
where R is a positive Rockland operator on G of homogeneous degree ν ą 0.
In order to introduce the general notion of a symbol as the one developed in
[65], we will use a suitable notion of operator-valued symbols acting on smooth
vectors. We introduce it as follows.
Definition 13.3. A pG-field of operators σ “ tσpπq : π P pGu defined on smooth
vectors is defined on the Sobolev space Haπ when for each representation π1 P
ReppGq, the operator σpπ1q is bounded from Haπ1 into Hπ1 in the sense that
sup
}v}Haπ1
“1
}σpπ1qv} ă 8.
We will consider those pG´fields of operators with ranges in Sobolev spaces on
smooth vectors. We recall that the Sobolev space L2apGq is defined by the norm
(see [65, Chapter 4])
}f}L2apGq “ }p1`Rq
a
ν f}L2pGq, (13.2)
for s P R.
Definition 13.4. A pG-field of operators defined on smooth vectors with range
in the Sobolev space Haπ is a family of classes of operators σ “ tσpπq : π P pGu
where
σpπq :“ tσpπ1q : H8π1 Ñ Haπ , π1 P πu,
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for every π P pG viewed as a subset of ReppGq, satisfying for every two elements
σpπ1q and σpπ2q in σpπq :
If π1 „ π2 then σpπ1q „ σpπ2q.
The following notion will be useful in order to use the general theory of non-
commutative integration (see e.g. Dixmier [52]).
Definition 13.5. A pG-field of operators defined on smooth vectors with range
in the Sobolev space Haπ is measurable when for some (and hence for any) π1 P π
and any vector vπ1 P H8π1, as π P pG, the resulting field tσpπqvπ : π P pGu, is
dπ-measurable andż
pG
}vπ}2Haπdπ “
ż
pG
}πp1`Rqaν vπ}2Hπdπ ă 8.
Remark 13.6. We always assume that a pG-field of operators defined on smooth
vectors with range in the Sobolev space Haπ is dπ-measurable.
The pG-fields of operators associated to Rockland operators can be defined as
follows.
Definition 13.7. Let L2ap pGq denote the space of fields of operators σ with range
in Haπ , that is,
σ “ tσpπq : H8π Ñ Haπu, with tπp1`Rq
a
ν σpπq : π P pGu P L2p pGq,
for one (and hence for any) Rockland operator of homogeneous degree ν. We also
denote
}σ}
L2ap pGq :“ }πp1`Rqaν σpπq}L2p pGq.
With the notation above, we will introduce some natural spaces which arise as
spaces of pG-fields of operators.
Definition 13.8 (The spaces LLpL2apGq, L2bpGqq, Ka,bpGq and L8a,bp pGq).
‚ The space LLpL2apGq, L2bpGqq consists of all left-invariant operators T such
that T : L2apGq Ñ L2bpGq extends to a bounded operator.
‚ The space Ka,bpGq is the family of all right convolution kernels of ele-
ments in LLpL2apGq, L2bpGqq, i.e. k “ Tδ P Ka,bpGq if and only if T P
LLpL2apGq, L2bpGqq.
‚ We also define the space L8a,bp pGq by the following condition: σ P L8a,bp pGq
if
}πp1`Rq bν σpπqπp1`Rq´ aν }
L8p pGq :“ sup
πP pG }πp1`Rq
b
ν σpπqπp1`Rq´ aν }BpHπq ă 8.
In this case Tσ : L
2
apGq Ñ L2bpGq extends to a bounded operator with
}σ}L8
a,b
p pGq “ }Tσ}L pL2apGq,L2bpGqq,
and σ P L8a,bp pGq if and only if k :“ F´1G σ P Ka,bpGq.
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With the previous definitions, we will introduce the type of symbols that we
will use further and under which the quantization formula make sense.
Definition 13.9 (Symbols and right-covolution kernels). A symbol is a field of
operators tσpx, πq : H8π Ñ Hπ, π P pGu, depending on x P G, such that
σpx, ¨q “ tσpx, πq : H8π Ñ Hπ, π P pGu P L8a,bp pGq
for some a, b P R. The right-convolution kernel k P C8pG,S 1pGqq associated with
σ is defined, via the inverse Fourier transform on the group by
x ÞÑ kpxq ” kx :“ F´1G pσpx, ¨qq : GÑ S 1pGq.
Definition 13.9 in this section allows us to establish the following theorem,
which gives sense to the quantization of pseudo-differential operators in the graded
setting (see Theorem 5.1.39 of [65]).
Theorem 13.10. Let us consider a symbol σ and its associated right-convolution
kernel k. For every f P S pGq, let us define the operator A acting on S pGq, via
Afpxq “ pf ˚ kxqpxq, x P G. (13.3)
Then Af P C8, and
Afpxq “
ż
pG
Trpπpxqσpx, πq pfpπqqdπ. (13.4)
Theorem 13.10 motivates the following definition.
Definition 13.11. A continuous linear operator A : C8pGq Ñ D 1pGq with
Schwartz kernel KA P C8pGqpbπD 1pGq, is a pseudo-differential operator, if there
exists a symbol, which is a field of operators tσpx, πq : H8π Ñ Hπ, π P pGu,
depending on x P G, such that
σpx, ¨q “ tσpx, πq : H8π Ñ Hπ, π P pGu P L8a,bp pGq
for some a, b P R, such that, the Schwartz kernel of A is given by
KApx, yq “
ż
pG
Trpπpy´1xqσpx, πqqdπ “ kxpy´1xq.
Let R be a positive Rockland operator on a graded Lie group. Then R and
πpRq :“ dπpRq (the infinitesimal representation of R) are symmetric and densely
defined operators on C80 pGq and H8π Ă Hπ. We will denote by R and πpRq :“
dπpRq their self-adjoint extensions to L2pGq and Hπ respectively (see Proposition
4.1.5 and Corollary 4.1.16 of [65, page 178]).
Remark 13.12. Let R be a positive Rockland operator of homogeneous degree
ν on a graded Lie group G. Every operator πpRq has discrete spectrum (see ter
Elst and Robinson [121]) admitting, by the spectral theorem, a basis contained
in its domain. In this case, H8π Ă DompπpRqq Ă Hπ, but in view of Proposition
4.1.5 and Corollary 4.1.16 of [65, page 178], every πpRq is densely defined and
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symmetric on H8π , and this fact allows us to define the (restricted) domain of
πpRq, as
DomrestpπpRqq “ H8π . (13.5)
Next, when we mention the domain of πpRq we are referring to the restricted
domain in (13.5). This fact will be important, because, via the spectral theorem
we can construct a basis for Hπ, consisting of vectors in DomrestpπpRqq “ H8π ,
where the operator πpRq is diagonal. So, if Bπ “ teπ,ku8k“1 Ă H8π , is a basis such
that πpRq satisfies
πpRqeπ,k “ λπ,keπ,k, k P N, π P pG, for every x P G, the function x ÞÑ πpxqeπ,k,
is smooth and the family of functions
πij : GÑ C, πpxqij :“ pπpxqeπ,i, eπ,jqHπ , x P G, (13.6)
are smooth functions on G. Consequently, for every continuous linear operator
A : C8pGq Ñ C8pGq we have
tπiju8i,j“1 Ă DompAq “ C8pGq,
for every π P pG.
In view of Remark 13.12 we have the following theorem where we present
the formula of a global symbol in terms of its corresponding pseudo-differential
operator in the graded setting. The proof can be found in [34, Section 3].
Theorem 13.13. Let R be a positive Rockland operator of homogeneous degree
ν on a graded Lie group G. For every π P pG, let Bπ “ teπ,ku8k“1 Ă H8π , be a basis
where the operator πpRq is diagonal, i.e.,
πpRqeπ,k “ λπ,keπ,k, k P N, π P pG.
For every x P G, and π P pG, let us consider the functions πp¨qij P C8pGq in
(13.6) induced by the coefficients of the matrix representation of πpxq in the basis
Bπ. If A : C
8pGq Ñ C8pGq is a continuous linear operator with symbol
σ :“ tσpx, πq P L pH8π , Hπq : x P G, π P pGu, (13.7)
such that
Afpxq “
ż
pG
Trpπpxqσpx, πq pfpπqqdπ, (13.8)
for every f P S pGq, and a.e. px, πq, and if Aπpxq is the densely defined operator
on H8π , via
Aπpxq ” ppAπpxqeπ,i, eπ,jqq8i,j“1, pAπpxqeπ,i, eπ,jq “: pAπijqpxq, (13.9)
then we have
σpx, πq “ πpxq˚Aπpxq, (13.10)
for every x P G, and a.e. π P pG.
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13.5. Global Ho¨rmander classes Smρ,δ of pseudo-differential operators on
graded Lie groups. The main tool in the construction of global Ho¨rmander
classes is the notion of difference operators. Indeed, for every smooth function
q P C8pGq and σ P L8a,bpGq, where a, b P R, the difference operator ∆q acts on σ
according to the formula (see Definition 5.2.1 of [65]),
∆qσpπq ” r∆qσspπq :“ FGpqfqpπq, for a.e. π P pG, where f :“ F´1G σ .
We will reserve the notation ∆α for the difference operators defined by the func-
tions qα and q˜α defined by qαpxq :“ xα and q˜αpxq “ px´1qα, respectively. In
particular, we have the Leibnitz rule,
∆αpστq “
ÿ
α1`α2“α
cα1,α2∆
α1pσq∆α2pτq, σ, τ P L8a,bp pGq. (13.11)
For our further analysis we will use the following property of the difference oper-
ators ∆α, (see e.g. [64, page 20]),
∆αpσr¨qpπq “ r|α|p∆ασqpr ¨ πq, r ą 0 π P pG, (13.12)
where we have denoted
σr¨ :“ tσpr ¨ πq : π P pGu, r ¨ πpxq :“ πpDrpxqq, x P G. (13.13)
Definition 13.14. In terms of difference operators, the global Ho¨rmander classes
introduced in [65] can be defined as follows. Let 0 ď δ, ρ ď 1, and let R be a
positive Rockland operator of homogeneous degree ν ą 0. If m P R, we say that
the symbol σ P L8a,bp pGq, where a, b P R, belongs to the pρ, δq-Ho¨rmander class of
order m, Smρ,δpGˆ pGq, if for all γ P R, the following conditions
pα,β,γ,mpσq “ ess sup
px,πqPGˆ pG }πp1`Rq
ρ|α|´δ|β|´m´γ
ν rXβx∆ασpx, πqsπp1`Rq
γ
ν }op ă 8,
(13.14)
hold true for all α and β in Nn0 .
Remark 13.15. The resulting class Smρ,δpGˆ pGq, does not depend on the choice of
the Rockland operator R (see [65, Page 306]). Moreover (see Theorem 5.5.20 of
[65]), the following facts are equivalents:
‚ @α, β P Nn0 , @γ P R, pα,β,γ,mpσq ă 8.
‚ @α, β P Nn0 , pα,β,0,mpσq ă 8.
‚ @α, β P Nn0 , pα,β,m`δ|β|´ρ|α|,mpσq ă 8.
‚ σ P Smρ,δpGˆ pGq.
We will denote,
}σ}k ,Sm
ρ,δ
“ max
|α|`|β|ďk
tpα,β,0,mpσqu. (13.15)
By keeping in mind Remark 13.15, we will improve Theorem 5.5.20 of [65]
proving a characterization of Ho¨rmander classes on graded Lie groups.
Theorem 13.16. Let G be a graded Lie group of homogeneous dimension Q, and
let 0 ď δ, ρ ď 1. The following conditions are equivalent:
(A). @α, β P Nn0 , @γ P R, pα,β,γ,mpσq ă 8.
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(B). @α, β P Nn0 , pα,β,0,mpσq ă 8.
(C). @α, β P Nn0 , pα,β,m`δ|β|´ρ|α|,mpσq ă 8.
(D). @α, β P Nn0 , Dγ0 P R, pα,β,γ0,mpσq ă 8.
(E). σ P Smρ,δpGˆ pGq.
Proof. We only need to prove that D ùñ C. Let us assume that D holds true for
some γ0 P R and let γ P R be a real number. Let us assume first that γ ą γ0. Let
us define the operator Q by the functional calculus in the folloing way
Q :“ p1`Rq 1ν ”
8ż
0
p1` λq 1ν dERpλq,
where tdERpλquλě0 denotes the spectral resolution associated with R. Let us
denote by tπpQqu the symbol of Q, indexed by π P pG except possibly on a subset
of pG of null Plancherel measure. Let us note that the operator Apπq :“ πpQqpγ0´γq
is self-adjoint and bounded. Let us denote
Xα,β,γ0px, πq :“ πpQqpρ|α|´δ|β|´m´γ0qXβx∆ασpx, πqπpQqγ0 ,
which is a bounded operator on Hπ. From the Corach-Porta-Recht inequality
(4.11), we have
}πpQqpρ|α|´δ|β|´m´γqXβx∆ασpx, πqπpQqγ}op
“ }πpQqpγ0´γqπpQqpρ|α|´δ|β|´m´γ0qXβx∆ασpx, πqπpQqγ0πpQqpγ´γ0q}op
“ }πpQqpγ0´γqXα,β,γ0px, πqπpQqpγ´γ0q}op
ď }ApπqπpQqpγ0´γqXα,β,γ0px, πqπpQqpγ´γ0qApπq
` p1` Apπq2q 12πpQqpγ0´γqXα,β,γ0px, πqπpQqpγ´γ0qp1` Apπq2q
1
2 }op
“ }πpQq2pγ0´γqXα,β,γ0px, πq
` p1` πpQq2pγ0´γqq 12πpQqpγ0´γqXα,β,γ0px, πqπpQqpγ´γ0qp1` πpQq2pγ0´γqq
1
2 }op.
Taking into account that γ0 ´ γ ă 0, and the functional calculus for real powers
of R and I `R (see [65, Page 319]) imply
πpQq2pγ0´γq P S2pγ0´γq1,0 pGˆ pGq, p1` πpQq2pγ0´γqq 12πpQqpγ0´γq P S2pγ0´γq1,0 pGˆ pGq,
πpQqpγ´γ0qp1` πpQq2pγ0´γqq 12 P S01,0pGˆ pGq,
from which we deduce that
D1 :“ sup
πP pG }πpQq
2pγ0´γq}op, D2 :“ sup
πP pG }p1` πpQq
2pγ0´γqq 12πpQq2pγ0´γq}op ă 8,
and
D3 :“ sup
πP pG }πpQq
pγ´γ0qp1` πpQq2pγ0´γqq 12 }op ă 8.
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Consequently,
}πpQqpρ|α|´δ|β|´m´γqXβx∆ασpx, πqπpQqγ}op
ď }πpQq2pγ0´γqXα,β,γ0px, πq
` p1` πpQq2pγ0´γqq 12πpQqpγ0´γqXα,β,γ0px, πqπpQqpγ´γ0qp1` πpQq2pγ0´γqq
1
2 }op
ď }πpQq2pγ0´γq}op}Xα,β,γ0px, πq}op
` }p1` πpQq2pγ0´γqq 12πpQqpγ0´γq}op}Xα,β,γ0px, πq}op
ˆ }πpQqpγ´γ0qp1` πpQq2pγ0´γqq 12 }op
ď pD1 `D2 ˆD3q}Xα,β,γ0px, πq}op.
This argument shows that D ùñ C for γ ą γ0. In the case where γ ă γ0, we can
define Apπq “ πpQqpγ´γ0q. By repeating the argument above we can deduce that
D ùñ C for γ ă γ0. Indeed, by using again the Corach-Porta-Recht inequality
(4.11), we have
}πpQqpρ|α|´δ|β|´m´γqXβx∆ασpx, πqπpQqγ}op
“ }πpQqpγ0´γqπpQqpρ|α|´δ|β|´m´γ0qXβx∆ασpx, πqπpQqγ0πpQqpγ´γ0q}op
“ }πpQqpγ0´γqXα,β,γ0px, πqπpQqpγ´γ0q}op
ď }ApπqπpQqpγ0´γqXα,β,γ0px, πqπpQqpγ´γ0qApπq
` p1` Apπq2q 12πpQqpγ0´γqXα,β,γ0px, πqπpQqpγ´γ0qp1` Apπq2q
1
2 }op
“ }Xα,β,γ0px, πqπpQq2pγ´γ0q
` p1` πpQq2pγ´γ0qq 12πpQqpγ0´γqXα,β,γ0px, πqπpQqpγ´γ0qp1` πpQq2pγ´γ0qq
1
2 }op.
Since γ´γ0 is negative, and by using again the functional calculus for real powers
of R and I `R (see [65, Page 319]) we have that
πpQq2pγ´γ0q P S2pγ´γ0q1,0 pGˆ pGq, πpQqpγ´γ0qp1` πpQq2pγ´γ0qq 12 P S2pγ´γ0q1,0 pGˆ pGq,
p1` πpQq2pγ´γ0qq 12πpQqpγ0´γq P S01,0pGˆ pGq,
and consequently we deduce that
D
1
1 :“ sup
πP pG }πpQq
2pγ´γ0q}op, D 12 :“ sup
πP pG }p1` πpQq
2pγ´γ0qq 12πpQqpγ0´γq}op ă 8,
and
D
1
3 :“ sup
πP pG }πpQq
pγ´γ0qp1` πpQq2pγ´γ0qq 12 }op ă 8.
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Consequently,
}πpQqpρ|α|´δ|β|´m´γqXβx∆ασpx, πqπpQqγ}op
ď }Xα,β,γ0px, πqπpQq2pγ´γ0q
` p1` πpQq2pγ´γ0qq 12πpQqpγ0´γqXα,β,γ0px, πqπpQqpγ´γ0qp1` πpQq2pγ´γ0qq
1
2 }op
ď }πpQq2pγ´γ0q}op}Xα,β,γ0px, πq}op
` }p1` πpQq2pγ´γ0qq 12πpQqpγ0´γq}op}Xα,β,γ0px, πq}op
ˆ }πpQqpγ´γ0qp1` πpQq2pγ´γ0qq 12 }op
ď pD 11 `D 12 ˆD 13q}Xα,β,γ0px, πq}op.
This argument shows that D ùñ C for γ0 ą γ0. The proof is complete. 
Remark 13.17. In the case of the n-dimensional Heisenberg group G “ Hn, The-
orem 13.16 was proved in [65, Page 479], relying on the description of these
Ho¨rmander classes in terms of the Shubin calculus. For general graded Lie groups,
the equivalence of other conditions to condition (D) remained open.
We finish this subsection by also noting the following Theorem 13.18, which is
an extension of the classical Fefferman theorem to an arbitrary graded Lie group
G of homogeneous dimension Q (see Theorem 1.2 in [34]).
Theorem 13.18. Let G be a graded Lie group of homogeneous dimension Q. Let
A : C8pGq Ñ D 1pGq be a pseudo-differential operator with symbol σ P S´mρ,δ pG ˆpGq, 0 ď δ ď ρ ď 1, δ ‰ 1. Then,
‚ (a) if m “ Qp1´ρq
2
, then A extends to a bounded operator from L8pGq to
BMOpGq, from the Hardy space H1pGq to L1pGq, and from LppGq to
LppGq for all 1 ă p ă 8.
‚ (b) If m ě mp :“ Qp1 ´ ρq
ˇˇˇ
1
p
´ 1
2
ˇˇˇ
, 1 ă p ă 8, then A extends to a
bounded operator from LppGq into LppGq.
Remark 13.19. Theorem 13.18 is an analogue of Theorems 6.6 and 6.9.
14. Appendix IV: Dependence of the subelliptic Ho¨rmander
calculus on the choice of sub-Laplacians
We have mentioned in Remark 13.15, that in the case of a graded Lie group G,
the resulting class Smρ,δpG ˆ pGq, does not depend on the choice of the Rockland
operator R. However, in the case of a compact Lie group we have mentioned
without proof in Remark 4.20 that for two sub-Laplacians, the corresponding
subelliptic classes may not agree as we can see in the following remark for the
case of G “ SUp2q. This may happen even when two sub-Laplacians are made
from Ho¨rmander collections of vector fields of the same step.
Remark 14.1. Let us consider the positive sub-Laplacians L1 “ ´X21 ´ X22 and
L2 “ ´X22 ´X23 on G “ SUp2q – S3, defined in Example 11.1. The unitary dual
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of SUp2q can be identified as, (see [107, Chapter 12])xSUp2q ” trtls : 2l P N, dl :“ dim tl “ p2l ` 1qu. (14.1)
There are explicit formulae for tl as functions of Euler angles in terms of the
so-called Legendre-Jacobi polynomials, see [107, Chapter 11]. In terms of the
representations tl, it was shown in [109] that (by considering the positive Lapla-
cian LSU(2) “ ´X21 ´X22 ´X23 on SU(2)),
σLSU(2)ptlq “ diagrlpl ` 1qδmnslm,n“´l, σX3ptlq “ diagr´inδmnslm,n“´l, (14.2)
where δm,n is the Kronecker-Delta. If a-priori we assume that S
m,L1
ρ,δ pSUp2q ˆ
1
2
N0q “ Sm,L2ρ,δ pSUp2qˆ 12N0q, with m P R, and 0 ď ρ ă δ ď 1, then we would have
that 1`L2 P S2,L11,0 pSUp2qˆ 12N0q “ S2,L21,0 pSUp2qˆ 12N0q, which from the definition
of the subelliptic classes implies that
sup
lP 1
2
N0
}p1` σL1ptlqq´1p1` σL2ptlqq}op ă 8. (14.3)
As a consequence of the Plancherel theorem, the previous inequality implies that
p1` L1q´1p1` L2q is bounded on L2pSUp2qq. Let us note that
p1` L1q´1p1` L2q “ p1` L1q´1p1´X22 q ´ p1` L1q´1X23 . (14.4)
So, from the positivity of p1`L1q´1, p1´X22q and ´p1`L1q´1X23 we have that21
}p1` L1q´1p1` L2q}BpL2pSUp2qqq “ sup
fPL2pSUp2qq
pp1` L1q´1p1` L2qf, fqL2pSUp2qq
ě sup
fPL2pSUp2qq
p´p1` L1q´1X23f, fqL2pSUp2qq
“ }p1` L1q´1X23}BpL2pSUp2qqq,
which implies that p1 ` L1q´1X23 , is bounded on L2pSUp2qq, which indeed, is
equivalent to say that
sup
lP 1
2
N0
}p1`σL1ptlqq´1σX23 ptlq}op “ sup
lP 1
2
N0
}p1`σLSUp2qptlq`σX23 ptlqq´1σX23 ptlq}op ă 8.
(14.5)
In terms of (14.2), (14.5) implies that
sup
lP 1
2
N0
}p1` σLSUp2qptlq ` σX3ptlqq´1σX3ptlq2}op
“ sup
lP 1
2
N0
}diagrplpl ` 1q ´ n2q´1n2δmnslm,n“´l}op — l Ñ8, when l Ñ8.
This shows that (14.3) does not hold. In consequence, S2,L11,0 pSUp2q ˆ 12N0q ‰
S
2,L2
1,0 pSUp2qˆ 12N0q, which shows that the subelliptic calculus may depend on the
choice of the sub-Laplacian.
21Let H be a Hilbert space. Then an operator A : DompAq Ă H Ñ H admitting a self-
adjoint extension has a bounded extension, if and only if, }A}BpHq “ sup}f}H“1pAf, fqH ă 8,
where p¨, ¨qH is the inner product of H, and } ¨ }H the induced norm (see e.g. Weidmann [126]).
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Remark 14.2. As a consequence of the argument in Remark 14.1 also subelliptic
Sobolev and Besov spaces may depend on the choice of a sub-Laplacian on a com-
pact Lie group. Indeed, let us consider the case of G “ SUp2q, the sub-Laplacians
L1 and L2 in Example 11.1 and the subelliptic Sobolev spaces L
2,L1
´2 pSUp2qq and
L
2,L2
´2 pSUp2qq. Let us define f :“ F´1SUp2qrxM2,2s, where M2,2 :“ 1` L2. Because
sup
lP 1
2
N0
}xM´12,2 ptlq pfptlq}op “ 1,
we have that f P L2,L1´2 pSUp2qq. If we assume that L2,L1´2 pSUp2qq “ L2,L2´2 pSUp2qq,
then we could have that
sup
lP 1
2
N0
}xM´11,2 ptlq pfptlq}op ă 8, (14.6)
whereM1,2 :“ 1`L1. However, (14.6) is equivalent to saying that }p1`L1q´1p1`
L2q}BpL2pSUp2qqq ă 8,which certainly, from Remark 14.1 is not possible. This anal-
ysis implies that L2,L1´2 pSUp2qq ‰ L2,L2´2 pSUp2qq. Because subelliptic Besov spaces
can be obtained from the real interpolation between subelliptic Sobolev spaces
(see Theorem 6.2 of [33]) a similar argument as the one done in this remark,
shows that subelliptic Besov spaces may depend on the choice of a sub-Laplacian
on a compact Lie group.
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